INVARIANTS OF ORBIT EQUIVALENCE RELATIONS AND 
BAUMSLAG-SOLITAR GROUPS 



YOSHIKATA KIDA 

f^J^ Abstract. To an ergodic, essentially free and measure-preserving action of a 

_ non-amenable Baumslag-Solitar group on a standard probability space, a flow 

is associated. The isomorphism class of the flow is shown to be an invariant of 
such actions of Baumslag-Solitar groups under weak orbit equivalence. Results 
on groups which are measure equivalent to Baumslag-Solitar groups are also 
provided. 



1. Introduction 

The study of probability- measure-preserving actions of discrete countable groups 
through the associated orbit equivalence relations has been making progress since 
the seminal works [10], [H], [12] and [37] on amenable groups. We recommend the 
reader to consult [T7], [IB], [10] > [IZ] and [35] for recent development and related 
topics. In this paper, we focus on actions of non-amenable Baumslag-Solitar groups, 
and introduce their invariants under orbit equivalence. For two non-zero integers p, 
q, the Baumslag-Solitar group BS(|), q) is defined as the group with the presentation 

BS{p,q) ^{a,t I taH-^ = a"). 

After the appearance in [7] as a simple example of a non-Hopfian finitely presented 
group for certain p and q, this group attracts attention in combinatorial group 
theory. The isomorphism problem for these groups is solved by Moldavanskii [35| . 
who shows that BS(p, q) and BS(r, s) are isomorphic if and only if there exists an 
integer e £ {±1} such that either (p, q) = (er, es) or {p,q) — {es,er). The group 
BS{p,q) is amenable if and only if either \p\ = 1 or \q\ = 1. We therefore assume 
2 < \p\ < l^l throughout the paper. 

A discrete group is assumed countable unless otherwise mentioned. We mean by 
an f.f.m.p. action of a discrete group G a measure-preserving Borel action of G on 
a standard finite measure space {X, fj.) such that the stabilizer of a.e. x G X in G is 
trivial, where "f.f.m.p." stands for "essentially free and finite-measure-preserving" . 
The following equivalence relations among such actions are of our interest. 

Definition 1.1. Let G r\ {X,ii) and H r\ (Y,!/) be ergodic f.f.m.p. actions of 
discrete groups. We say that these actions are orbit equivalent ( OE) if there exists 
a Borel isomorphism / from a conull Borel subset of X onto a conuU Borel subset of 
Y such that and v are equivalent and we have f{Gx) = Hf{x) for a.e. x ^ X. 

More generally, we say that the actions G r\ {X, fx) and H r\ (Y, v) are weakly 
orbit equivalent (WOE) if there exists a Borel isomorphism / from a Borel subset 
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A oi X with fJ.{A) > onto a Borel subset B oiY with > such that 
and i^Ib are equivalent and we have f{Gx Ci A) = Hf{x) D B for a.e. x € A. 

We put r = BS(p, q) with 2 < |p| < |g| and define a homoniorphisni m: F — s> Mljl, 
called the modular homomorphism of F, by setting m(a) = 1 and na(t) — \q/p\- Let 
F r> {X, n) be an ergodic f.f.m.p. action. We now introduce the flow associated 
with this action, which is shown to be an invariant under orbit equivalence. Let 
tt: {X,ij,) — >• (Z,^) be the ergodic decomposition for the action of kerm on {X,fi). 
We have the canonical ergodic measure-preserving action of m(F) on (Z,^). The 
flow associated with the action F rv {X, /i) is defined as the action of K induced 
from the action of logom(F) on (Z,^) through the isomorphism log: — > R. We 
refer to Remark 17.41 for a detailed description of this flow. 

Theorem 1.2. We set F = BS(p,g) and A ^ BS(r,s) with 2 < \p\ < \q\ and 
2 < \r\ < \s\. Let F {X,ii) and A r\ {Y,i>) be ergodic f.f.m.p. actions. If these 
two actions are WOE, then the flows associated with them are isomorphic. 

For a locally compact group G, two measure-preserving actions G rv (Z, ^) and 
G (W, uj) on measure spaces are called isomorphic if there exists a measurable 
isomorphism / from a conull measurable subset of Z onto a conull measurable subset 
of W such that and lo are equivalent and for any g d G, we have f{gz) — gf{z) 
for a.e. z £ Z. In Corollary 17. 6[ we obtain a refinement of Theorem 11.21 under an 
additional assumption. 

Theorem 11.21 is strongly inspired by the theory of the flow associated with an 
ergodic transformation of type III, summarized in [23]. This flow is defined as the 
Mackey range of the Radon-Nikodym cocycle for the transformation. It is notable 
that the isomorphism class of the associated flow is a complete invariant of ergodic 
single transformations of type III under orbit equivalence. This is due to Hamachi- 
Oka-Osikawa [22] and Krieger [30 ] . [31 ] . 

Theorem ll.2l is indeed a consequence of a rigidity result on the composition of the 
cocycle associated with the WOE and the homomorphism m, which is formulated 
in terms of measure equivalence in Theorem l7.3l In Section |4l we prove a variant of 
Furman's theorem on construction of a representation of a group which is measure 
equivalent to a given group. Combining these results, we obtain the following: 

Theorem 1.3. We set F ~ BS{p,q) with 2 < |p| < \q\. Suppose that an ergodic 
f.f.m.p. action F rv {X,fi) is WOE to a weakly mixing f.f.m.p. action A r\ {Y,i>) 
of a discrete group A. Then there exists a homomorphism from A onto Z. 

Putting F = BS(p, q), we mean by an elliptic subgroup of F a subgroup contained 
in the group generated by a or in its conjugate in F. Under the assumption that any 
non-trivial elliptic subgroup of F acts ergodically, the parameters p, q are shown to 
be invariant under WOE, while the associated flow is isomorphic to the action of 
R on R/(log |(7/p|)Z by addition, and remembers at most the modulus \q/p\. 

Theorem 1.4. We set F = BS{p,q) and A = BS(r,s) with 2 < |p| < |g| and 
2 < \r\ < \s\. Suppose that q is not a multiple of p and that s is not a multiple of r. 
Let F rv (X, /i) and A r\ (Y, v) he f.f.m.p. actions such that any non-trivial elliptic 
subgroup ofT acts ergodically and so does any non-trivial elliptic subgroup of A. If 
the two actions F r\ {X, ^) and A r\ (y, v) are WOE, then there exists an integer 
e e {±1} with {p,q) — {er,es), that is, F and A are isomorphic. 
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The assumption on the actions of non-trivial elhptic subgroups of F and A can 
be relaxed. We refer to Theorem 18 . 1 1 1 for a more general assertion. In Section |9l 
when r = BS(p, q) with 2 < |p| < we construct two f.f.m.p. actions of F which 
are WOE, but not conjugate. The restrictions of the two actions to any non-trivial 
elliptic subgroup of F are shown to be ergodic. It is therefore impossible to obtain 
conjugacy of the two actions under the assumption in Theorem ll.4l As for Bernoulli 
shifts of Baumslag-Solitar groups, Popa's cocycle superrigidity theorem [41j shows 
orbit equivalence rigidity of them (see Remark l9.12p . 

We now turn our attention to measure equivalence (ME). This is an equivalence 
relation between discrete groups, introduced by Gromov [20] (see Definition 14. ip . 
It is known that two discrete groups G and H are ME if and only if there exists an 
ergodic f.f.m.p. action of G which is WOE to an ergodic f.f.m.p. action of H. 

Theorem 1.5. We set F = BS(p, g) with 2 < |p| < \q\. Let A be a discrete group 
having an infinite amenable normal subgroup N . Suppose that the quotient A/N is 
a non- elementarily word-hyperbolic group. Then F and A are not ME. 

For any integers r, s with 2 < |r| = \s\, the group BS(r, s) contains a finite index 
subgroup isomorphic to the direct product of Z with a non-abelian free group of 
finite rank. It follows from Theorem 11.51 that the group BS{p,q) with 2 < |p| < \q\ 
is not ME to BS(r, s). The basic question asking whether the groups BS(p, q) with 
different parameters p, q are ME or not remains unsolved. 

This paper is organized as follows. In Section [21 we review basic properties of 
Baumslag-Solitar groups and the Bass-Serre trees associated with them. In Section 
[3l starting with terminology of discrete measured groupoids, we introduce several 
notions related to them, index, local index, normality, quasi-normality and quotient. 
In Section [H we review the aforementioned Furman's theorem and prove its variant. 
In Section [5l given a finite- measure-preserving action of a Baumslag-Solitar group, 
we present an algebraic and sufficient condition for a subgroupoid of the associated 
groupoid to be elliptic. Elliptic subgroupoids are shown to be preserved under an 
isomorphism between the groupoids associated with actions of Baumslag-Solitar 
groups. In Section [6l we introduce the modular cocycle of Radon-Nikodym type 
and the local-index cocycle. They are defined for the pair of a discrete measured 
groupoid and its quasi-normal subgroupoid. If the pair comes from an action of a 
Baumslag-Solitar group and its restriction to an elliptic subgroup, then those two 
cocycles are related to the modular homomorphism. In Section[7l Theorems ll.2l[TT3l 
and 1 1.51 are proved by using those cocycles. In Section[8l Theorem 1 1.41 is proved. In 
Section [9l we discuss f.f.m.p. actions of a Baumslag-Solitar group which are WOE, 
but not conjugate. 

In Appendix [XI we observe basic properties of an ergodic probability-measure- 
preserving action of a Baumslag-Solitar group, focusing on ergodicity of the action 
of an elliptic subgroup. Those properties are used to relax ergodicity assumptions 
in theorems. In Appendix IB| we show that the groupoid associated with a certain 
action of a Baumslag-Solitar group has an amenable normal subgroupoid of infinite 
type. We also show that the quotient groupoid is of type III, and clarify relationship 
with the associated flow. 

2. BAUMSLAG-SOLITAR GROUPS 

Contents of this section are discussed from a more general viewpoint in Section 
2 of [32] . For a group G and an element g of G, let {g) denote the cyclic subgroup 
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of G generated by g. Let p and q be integers with 2 < |p| < and set 
(★) r = BS(p,g) = (a,t I tflft-i = a"). 

The group T is the HNN extension of the infinite cyclic group (a) relative to the 
isomorphism from (a^) onto {a'^) sending to a'. Let T = Tr denote the Bass- 
Serre tree associated with this HNN extension. The set of vertices of T, denoted 
by V{T), is defined to be T/(a). The set of edges of T, denoted by E(T), is defined 
to be r/(a'?), and for each 7 G F, the edge corresponding to the coset 7(0'^) joins 
the two vertices corresponding to the cosets 7(a) and jt{a). We orient this edge so 
that the origin is the vertex corresponding to 7(a). The group F then acts on T by 
orientation-preserving simplicial automorphisms. The action of F on V{T) and that 
on E{T) are both transitive. Let Aut(r) denote the group of orientation-preserving 
simplicial automorphisms of T equipped with the standard Borel structure induced 
by the pointwise convergence topology. Unless otherwise stated, we mean by the 
Bass-Serre tree associated with F the oriented simplicial tree defined above for a 
fixed presentation of F of the form (Q. We refer to [46] for the Bass-Serre theory. 

Let E+ denote the set of oriented edges of T with the orientation defined above. 
Let denote the set of oriented edges of T consisting of the inverses of edges in 
E^. We set a{e) = 1 for each e € E+, and set <j{f) = — 1 for each / £ E-. For a 
simplex s of T, let Tg denote the stabilizer of s in F. We pick two distinct vertices 
vo,v G V{T). Let ei, . . . ,e„ be the shortest sequence of oriented edges of T such 
that the origin of ei is vq; the terminal of e„ is v; and for any i = 1, . . . ,n — I, 
the terminal of and the origin of e^+i are equal. We define M as the maximal 
number in the set {0} U { '^(^i) \ k — 1, . . . ,n}, and define m as the minimal 
number in it. The equality 

[F.„ :F,„nF„] =dobor"ko|*' 

then holds, where we denote by do > the greatest common divisor of p and g, and 
set po = p/do and go = 9/^0- 

For a group G and a subgroup of G, we set 

CommG(i?) ^{geG\[H : gHg-^ n H] < x), [gHg-^ : gHg-^ r\H]<oo} 

and call it the ( relative ) commensurator of H in G, which is a subgroup of G. We 
say that an element 7 of F is elliptic if it fixes a vertex of T. This condition is 
equivalent to the equality Commr((7)) = F (see Lemma 2.1 in [32]). It follows that 
ellipticity of elements of F is independent of the presentation (Q. We say that a 
subgroup i5 of F is elliptic if it fixes a vertex of T. This condition is equivalent to 
that there exists an elliptic element of F generating E. It follows that ellipticity of 
subgroups of F is also independent of the presentation (jwj) . 

We define the modular homomorphism m: F — >■ by sending a to 1 and t to 
\q/p\. This is indeed independent of the presentation Q as shown below. Any two 
non-trivial elliptic subgroups E, F ofT are commensurable, that is, the intersection 
EOF is of finite index in both E and F. Let ii^ be a non-trivial elliptic subgroup of 
F, and pick a non-neutral element x of E. For each 7 G F, since jEj~^ and E are 
commensurable, there exist non-zero integers n, m with 7a;"7~^ = x™. We define 
a map / : F — > by /(j) = \m/n\. This is a well-defined homomorphism, and 
is independent of the choice of E and x. Since we have /(a) = 1 and f{t) = \q/p\ 
by definition, the equality m = / holds. The modular homomorphism m is thus 
defined independently of the presentation ^ . 



INVARIANTS OF ORBIT EQUIVALENCE RELATIONS 



5 



3. Discrete measured groupoids 

3.1. Terminology. We recommend the reader to consult [25^ and Chapter XIII, 
Section 3 in [IB] for basic knowledge of standard Borel spaces and discrete measured 
groupoids, respectively. Unless otherwise stated, all sets and maps that appear in 
this paper are assumed to be Borel, and relations among Borel sets and maps are 
understood to hold up to sets of measure zero. 

We refer to a standard Borel space with a finite positive measure as a standard 
finite measure space. When the measure is a probability one, we refer to it as a 
standard probability space. Let {X, ii) be a standard finite measure space. Let Q 
be a discrete measured groupoid on (X, /i). Let r, s: G ^ X denote the range and 
source maps, respectively. For a Borel subset A C X oi positive measure, we define 

iG)A = {geg\r{g),sig)eA} 

and call it the restriction of Q to A. We denote by QA the saturation 

gA^{rig)eX\geg,sig)eA}, 

which is a Borel subset of X. We say that G is finite if for a.e. x E X, the set 
r~^{x) consists of at most finitely many points. We say that G is of infinite type if 
for a.e. x € X, the set r~^{x) consists of infinitely many points. 

Let r be a discrete group. We say that a Borel action of F on {X, ji) is non- 
singular if the action preserves the class of the measure /i. For a non-singular action 
F r\ {X,fj,), the associated discrete measured groupoid is denoted by F k (X, /i). 
If /i is not specified, it is also denoted by F k X. The range and source maps of 
F tx {X,fi) are defined by r{'j,x) = jx and 5(7,0;) = x, respectively, for 7 e F 
and X E X. The product operation is defined by (71, 72a;)(72, 2:) — (7172,2;) for 
7i , 72 G F and x Cz X . 

Let F r\ {X, fj) and A r\ {Y, v) be ergodic f.f.m.p. actions of discrete groups 
on standard finite measure spaces, and let G and % be the associated groupoids, 
respectively. The two actions are WOE if and only if there are Borel subsets A E X 
and B CY of positive measure such that {G)a and {Ti)B are isomorphic. 

We recall the ergodic decomposition for a discrete measured groupoid. 

Theorem 3.1 ( 21, Theorem 6.1]). Let {X,fi) be a standard finite measure space. 
Let G be a groupoid on X admitting the structure of a discrete measured groupoid 
on {X,ii). Then there exist a standard finite measure space {Z,^) and a Borel map 
tt: X ^ Z such that 7r*/i = ^; and for a.e. z G Z, G admits the structure of an 
ergodic discrete measured groupoid on (X, /i^), where fiz is the probability measure 
on X obtained through the disintegration A* = t^zd(,{z) with respect to tt. 

Moreover, if a standard finite measure space (IF, w) and a Borel map 9: X ^ W 
satisfy these properties in place of (Z,^) and tt, respectively, then there exists a 
Borel isomorphism f from a conull Borel subset of Z onto a conull Borel subset of 
W such that 9{x) = f o tt{x) for a.e. x G X . 

We call the map tt: (X,^) — > (^,0 the ergodic decomposition for G- For z G Z, 
we put Xz = 7r~^(z) and denote by Gz the ergodic discrete measured groupoid G on 
{X, fj.z). Since /iz is supported on Xz, we often identify Gz with a discrete measured 
groupoid on {Xz,iJ.z)- 

We introduce an invariant map for an action of a groupoid. If the unit space of 
the groupoid consists of a single point, then it is a fixed point of the action of the 
group. 
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Definition 3.2. Let C/ be a discrete measured groupoid on a standard finite mea- 
sure space (X, /i), r a discrete group, and S a standard Borel space. Suppose that 
we have a Borel action of F on S* and a Borel homomorphism p: Q T. A Borel 
map ip: X ^ S is said to be (Q, p) -invariant if we have the equality 

for a.e. g £ G- In this case, if p is not specified, then (p is said to be Q -invariant. 

More generally, if A is a Borel subset of X with positive measure and if a Borel 
map ip: A ^ S satisfies the above equality for a.e. g G {G)a^ then we also say that 
ip is (G, p) -invariant or Q-invariant. 

The following extendability of invariant maps is in general use. 

Lemma 3.3 ( j28[ Lemma 2.3]). Let Q he a discrete measured groupoid on a standard 
finite measure space {X, p) . Suppose that we have a Borel action of a discrete group 
T on a standard Borel space S and a Borel homomorphism p:Q ^T. If A is a 
Borel subset of X with positive measure and if p: A S is a {Q, p)-invariant Borel 
map, then p extends to a (Q, p) -invariant Borel map from QA into S. 

We refer to 3,^ for amenable groupoids. A consequence of amenability in terms 
of the fixed point property is the following: 

Proposition 3.4 ([3, Theorem 4.2.7]). Let Q be a discrete measured groupoid on 
a standard finite measure space (X, p), T a discrete group, and p: Q ^ T a Borel 
homomorphism. Suppose that F acts on a compact Polish space K continuously. 
Let M{K) denote the space of probability measures on K , on which F naturally acts. 
If Q is amenable, then there exists a Q-invariant Borel map from X into M{K). 

3.2. Index for groupoids. The index of a subrelation in a discrete measured 
equivalence relation is introduced by Feldman, Sutherland and Zimmer |13| . Their 
definition is directly generalized to that for discrete measured groupoids. We define 
index for groupoids and present its basic properties. 

Let {X, p) be a standard finite measure space and Q a discrete measured groupoid 
on {X,p). Let r,s: Q X denote the range and source maps of Q, respectively. 
Let 7^ be a subgroupoid of Q. For each x £ X , we define an equivalence relation on 
s~^{x) so that two elements g,h £ s~^{x) are equivalent if and only if gh~^ e TL. 
For a subset E of s~^{x), let E/H denote the set of equivalence classes with respect 
to this equivalence relation on E. We define the index oi Ti in Q at x, denoted by 
[G ■ T-Qx, as the cardinality |s~-'^(a;)/H|. 

Lemma 3.5. In the above notation, we put I{x) — [Q : T-L\x for x E X . Then the 
following assertions hold: 

(i) The function I: X ^ Z>o U {oo} is Borel, and we have I{s{g)) = I{r{g)) 
for any g (z Q . In particular, if Q is ergodic, then I is essentially constant. 

(ii) For any Borel subset A of X with positive measure and any x G A, we have 
the inequality [{G)a ■ i'H)A\x < If is ergodic, then the equality 
holds. 

(iii) // we have a non-singular action of a discrete group F on {X, p) and a 
subgroup A of T such that G = T tK {X,p) and 7{ = A k {X,p), then 
I{x) = [F : A] for any x £ X . 

Proof. We prove assertion (i), following the proof of Lemma 1.1 (a) in [13]. Taking 
Borel sections of the source map s, we find a countable set N and a Borel map 
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rjn- Dn — > Q indexed by n G A^, where D„ is a Borel subset of X with positive 
measure, such that for any n ^ N and any x £ Dn, we have s o ?7„(x) ~ x; and for 
any g G G, there exists a unique n £ N with s{g) G £)„ and r]n{s{g)) = g. Similarly, 
we find a countable set M and a Borel map (m ■ Dm H indexed by m G M, 
where Dm is a Borel subset of X with positive measure, such that for any m € M 
and any x G Dm, we have s o (m{x) = x; and for any g GH, there exists a unique 
m € M with «((/) G -Dm and Cm(s(ff)) = g- For ni, . . . ,nk G iV and m G M, we 
define a Borel subset E{ni, . . . ,nk]m) of X as the set of all points x oi X such 
that for any i = 1, . . . ,k, we have x G -D„; ; and for any distinct i, j = 1, . . . ,k with 
ror}ni{x) G -Dto) the two elements Cm{r o rini{x))rini{x) and r]nj{x) are distinct. For 
any fc G Z>o, the equality 

{a;GX|7(a;)>fc}= |J f] E{ni, . . . ,nk;m) 

{ni,...,nk)eN'' meM 

holds. The function / is thus Borel. 

For any g G Q, putting x = s{g) and y = r{g), we have the bijection from s~^{x) 
onto s~^{y) sending each element h of s~^{x) to hg~^. It induces a bijection from 
s~^{x)/'H onto s~^{y)/'H. The equality I{x) = I{y) follows. Assertion (i) is proved. 

Let ^ be a Borel subset of X with positive measure. Let sa'- {Q)a A denote 
the source map of {Q)a- The inequality in assertion (ii) holds because for any x E A, 
the inclusion of s^^{x) into s~^{x) induces an injective map from s^^{x)/{'H)a 
into s~^{x)/'H. Assume that H is ergodic. For x G X, let & G denote the unit 
element at x. Ergodicity of implies that there exists a Borel map f : X ^ % 
with f{x) = Cx for any x G A and with s o f[y) = y and r o f[y) G A for any y G X. 
For any x G A and any g G s~^{x), the two elements g and f{r{g))g lie in the same 
class in s~^{x)/7i, and we have f{r{g))g G {Q)a- The map from s~^{x)/{H)a into 
s~^{x)/'H is therefore surjective, and the equality [{Q)a '■ {H)a]x = follows. 
Assertion (ii) is proved. 

Assertion (iii) follows by definition. □ 

Lemma 3.6. Let Q he a discrete measured groupoid on a standard finite measure 
space {X,ij). Let r,s: Q ^ X denote the range and source maps ofQ, respectively. 
Let H, K, and C he suhgroupoids of Q. Then the following assertions hold: 

(i) For any x G X , we have \Q :'HC\ lC]x < [G ■ T~L]x[G ■ IQx- 

(ii) Ify,<IC, then for any x G X, we have [/C fl £ : 7^ fl C]x < [K, : 'H\x- 

(iii) IfHKK,, then for any x G X, we have the equality 

where E is a set of representatives of all classes in s~^{x)/IC. Moreover, 
if any real-valued Borel function on X that is KL-invariant is G -invariant, 
then for a.e. x G X, we have the equality 

[G:n]x = [G:)C]x[)C:n]x. 

Proof. For z G X, we set Gz = ^"^(2;). We prove assertion (i). Fix x G X. Let 

p:Gx/{nfMC)^Gx/n, q:Gx/innlC)^Gx/IC 

be the natural maps. For any g,h G Gx, if p{g) = p{h) and q{g) = q{h), then 
gh~^ G TLCiJC. It follows that the map from the set Gx/(Ji H ^) into the product 
Gx/T^ X Gx/^ defined by p and q is injective. Assertion (i) is proved. 
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Assertion (ii) holds because for any x G X, the mclusfon of Qx^ilCnC mto GxriK. 
induces an injective map from {Qx n /C n C)/{H fl C) into [Qx n 1C)/'H. 

We prove assertion (iii). For any z e X, we have the natural map Qz-Gz^ Qz/^- 
Fix X € X. Let i? be a set of representatives of all classes in Qxj^- Pick g E E and 
put y = f'{g). Let Cy G Q denote the unit element at y. The map from q^^(qx{g)) 
onto <ly^{qy{ey)) sending each element h of q~^{qx{g)) to hg~^ is bijective. This 
map induces a bijection from qx^ {qx{g)) / T~i onto qy'^iqyiey)) /%■ We thus have the 
equality = ^(9,j(ey))/H| = [K. : n]y. The equality 

[g : H]. = \gx/n\ - ^ 19-^(9.(5))/^! = Et^ ^ '^Ua) 

g£E g&E 

is obtained. The former assertion in assertion (iii) is proved. 

The function on X assigning [K. : H]^ to each z € X is /C-invariant by Lemma l3.5l 
(i). If the ergodic decompositions for Q and /C are the same map, then this function 
is also ^/-invariant. For a.e. x G X and any g E E, the equality [/C : = [IC : 'H]x 

then holds. The latter assertion in assertion (iii) is proved. □ 

The following lemma is obtained from the definition of index. 

Lemma 3.7. Let Q be a discrete measured groupoid on a standard finite measure 
space (X, /i). Let T be a discrete group, and let K he a subgroup ofT. If p: Q 
is a Borel homomorphism, then p~^(A) is a subgroupoid of Q, and for any x G X, 
we have [G : p-^{A)]x < [F : A]. 

Let F be a discrete group, A a subgroup of F of finite index, and S a space on 
which F acts. Choose a family {71, . . . , ■^n} of representatives for all right cosets of 
A in F with iV = [F : A]. For any fixed point xq in S for the action of A, the subset 
{7^ Xq, . . . , 7j^ Xq} of S is an orbit for the action of F and is thus fixed by F. The 
following lemma is an analogue for groupoids. 

Lemma 3.8. In the notation in the second paragraph of this subsection, let T be a 
discrete group, p: Q ^ T a Borel homomorphism, and S a standard Borel space on 
which F acts by Borel automorphisms. We denote by J^{S) the Borel space of all 
non-empty finite subsets of S, on which F naturally acts. Suppose that the function 
I{x) = [Q : T-C\x on X is essentially constant, and its essential value, denoted by N , 
is finite. Let (pi, . . . ,<?!)jv be Borel maps from X into Q such that for a.e. x S X, 
{4>i{x), . . . , (f>j^{x)} is a set of representatives of all classes in s~'^{x)/'H. Then for 
any (jH, p) -invariant Borel map tp: X ^ S, the Borel map ^' : AT — > J-{S) defined 
by 

^{x) = {piM^)r'i^{r o M^)), ■ ■ ■,pict>N{x))-'^P{r o cP^ix)) } 
for X £ X is {Q, p) -invariant. 

Proof. We denote by G{N) the symmetric group on the set {1, . . . ,N}. For a.e. 
g £ G with X — s{g) and y — r{g), the set {(l)i{x)g^^ , . . . , (f)jq{x)g^^} is then a set of 
representatives of all classes in s^^{y)/H. There thus exists a Borel homomorphism 
a: Q ^ &{N) such that for a.e. g £ Q with x = s{g) and y — r[g) and for any 
i G {1, . . .,N}, we have 0.i(2:)5~ Va(g)(-0 (2/)"^ ^ U. Putting j = a{g){i), we have 

p{g)p{(t)i(x)Y'^ip{r o 4>i{x)) = p{(j)j{y))''^ p{(l)j{y)g(l)i{x)~'^)il}{r o (j)i{x)) 
where the last equality holds because ip is H-invariant. The lemma follows. □ 
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In Lemma 13.81 note that for a.e. x € X, exactly one of (t>i{x), . . . , (j)N{x), say 
4>i{x), belongs to %, and we then have p(0i (x))^-^ ° 'Piix)) — ^(x) because 
is 7^-invariant. It follows that contains il^{x) for a.e. x £ X. 

Lemma 3.9. In the notation in the second paragraph of this subsection, suppose 
that Q is measure-preserving. We also suppose that the function I(x) = [G '■ 'H]x 
on X is essentially constant, and its essential value, denoted by N , is finite. Let 
tt: [X,^) {ZtC) and 6: {X,^) — >■ be the ergodic decompositions for Q 

and H, respectively. Let a: {W,ui) [Z,^) be the canonical Borel map such that 
■K = a o 0, i.e., the following diagram commutes: 

iX,ti) 



{W,oj) 2 ^iz,o 

Let Lo — LL!zd^{z) be the disintegration with respect to a. Then for a.e. z £ Z, 
the set a^^{z) consists of at most N points up to (jj^-null sets. 

Proof. To prove the lemma, it is enough to show that for a.e. z € Z , there exists no 
Borel subset of a~^{z) whose measure with respect to is positive and less than 
We assume the contrary, and will deduce a contradiction. 
Thanks to general description of a measurable decomposition of a measure space 
in §4, No.l in [33], there exist a countable set M, a Borel partition Z = UmGAf 
and a standard finite measure space {Em,r]m) indexed by each m e M satisfying 
the following: For any m G M , there exists a Borel isomorphism fm from a conuU 
Borel subset of Em x Z^ onto a conuU Borel subset of cr^^(Z,„) such that for a.e. 
y G Em and a.e. z G Zm, the equality a o fm{y,z) ~ z holds; and the measure 
{fm)*{Vm X £.m) and the restriction of w to a~^{Zm) are equivalent, where £,m is 
the restriction of ^ to Zm . This application of the result in [33] owes to the proof of 
Proposition 2.21 in [14 . Our assumption in the last paragraph implies that there 
exists a Borel subset A oi Z with S,{A) > and a Borel subset B of a~^{A) with 
< ujz{B n a~^{z)) < 1/N for a.e. z G A. We choose Borel maps 0i, . . . , (j)^ from 
X into Q such that for a.e. x £ X, {ipi{x), . . . , (t)N{x)} is a set of representatives of 
all classes in s~^{x)/'H. We put 

AT 

Y = e-^{B) and D ^ [j{r o (j),)-^{Y). 

i=l 

We claim that D is ^-invariant. For a.e. g £ Q with x = s{g) g D and y = r{g), 
there exists i with r o (j)i{x) 6 Y , and there exists j with (l)j{y)g(j)i[x)~^ £ %. Since 
Y is "H-invariant, we have ro(j)j[y) e Y . Wc thus have y £ D. The claim is proved. 
The claim and the inclusion B C a^^{A) imply the inclusion D C tt~^{A). 

We show the converse inclusion. Let fJ- = fJ-zd^{z) be the disintegration with 
respect to tt. We have co — 9^^ = 9^^zd£,{z). By uniqueness of disintegration, 
we have ujz = 9*fiz for a.e. z £ Z. The condition 0Jz{B n a~^{z)) > for a.e. z £ A 
implies that HziY H tt~^{z)) > for a.e. z G A. Since D is a ^-invariant Borel 
subset of X containing Y, we have 7t~^{A) C D. 

We thus obtained the equality D = Tr^^{A). By the definition of D, we have 

fi{D) < Nn{Y) = Nuj{B) = N I ujz{B n cr"^(z)) d^{z) < ^{A) = n{D). 

J A 
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This is a contradiction. □ 



In Lemma 13^ thanks to its conclusion, replacing W by its conull Borel subset, 
we can assume that for a.e. z G Z, any point of a~^{z) has positive measure with 
repsect to ujz, and a~^{z) consists of at most N points. 

We end this subsection with the following lemma on disintegration of a measure, 
which will be applied in the setting of Lemma [ 



Lemma 3.10. Let {X,fi), (Z,^) and (VF,a;) be standard finite measure spaces. Let 
n: X ^ Z, 6: X ^ W and a: W ^ Z be Borel maps satisfying the equalities 
7r*/Lt = ^, 6'*/i ~ u! and n — a o 9. Let ^J. — l^zdS,{z) and ^ = Vyjdu!{w) be the 
disintegrations with respect to tt and 9, respectively. Suppose that for a.e. z £ Z, 
the set a~^(z) is countable. Then for a.e. w £ W , we have the equality 

Proof. For z € we put X^ — 7r^^(z) and Wz — (j~^{z). Similarly, for w S 
we put X^ — 9^^{w). For a.e. z G Z, we have the partition Xz = LIujevK^ 
countably many Borel subsets. For any Borel subset B of W, we have 

uj{B)^ti{0-\B))= f fiz{0-\B)nXz)daz)^ f l^z{X^)daz). 

For any Borel subset A of X, we thus have 

li{A)^ f fiziAnXz)dC{z)^ [ Y i^ziAnx^)d^{z) 



-dujiw). 

By uniqueness of disintegration, we obtain the desired equality. □ 

3.3. Local index. Throughout this subsection, we fix a standard finite measure 
space (X, fi), a discrete measured groupoid Q on (X, /i) and a subgroupoid H of G- 
As proved in Lemma [331 (ii), if A is a Borel subset of X with positive measure, the 
inequality [{G)a ■ {'H)a]x < [G ■ 'H]x holds for any x £ A though the equality does 
not hold in general. Under a certain assumption, for x £ X, we define the local 
index of H in ^ at a;, denoted by [[G ■ 'H]]x, which necessarily satisfies the equality 
[[(^)a : = [[G ■ "HJlx for any Borel subset A of X with positive measure and 

a.e. X £ A. 

Let tt: {X^fj) — > {Z,£) and 9: {X,fi) — > {W,uj) be the ergodic decompositions 
for G and H, respectively. Let a: {W,uj) — !> {Z,£^) be the canonical Borel map such 
that TT = a o 9, i.e., the following diagram commutes: 





{W,u:) ^ ^{Z,0 

We suppose that for any z G Z, the set cr^^(z) is countable. Under this assumption, 
we define the local index of H in a.t x G X. 

Choose a countable set N and a Borel partition W — Unew such that for any 
n £ N, we have w(W„) > 0, and the map a is injective on Wn- Set Yn — 9^^{Wn) 
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for n ^ N . We define a Borel function J : X ^ Z>o U {00} so that for n e and 
X e Ym we have J{x) = [{Q)y„ ■ [T~1)y,,]x- The following lemma implies that this 
function does not depend on the choice of the partition W = UneAf 

Lemma 3.11. In the above notation, fix n d N. If A is a Borel subset ofYn with 
fi{A) > 0, then for a.e. x € A, we have [{g)A ■ {'H)a]x = [{G)y„ ■ {'H)yJx- 

Proof. We put Y — Yn- Let sy ■ (0)y — > Y and sa ■ {G)a ^ be the source maps. 
For any x & A, the inclusion of s^^{x) into Sy^{x) induces the injective map i from 
s^^{x)/'H into Sy^{x)/'H. To prove the lemma, it suffices to show that i is surjective 
for a.e. x ^ A. Since a is injective on W„, the equality {Q)yA = "HA holds. For a.e. 
X € A and any g e Sy^(x), there thus exists h gH with s{h) e A and r{h) ~ r[g). 
The product h^^g belongs to s^^(x), and we have g{h~^g)^^ = h £ H. The map i 
is therefore surjective. □ 

For X G X, we denote J{x) by [[Q : HWx, and call this number the local index of 
Ti in g at x. We present basic properties of local index. 

Lemma 3.12. In the notation in the second paragraph of this subsection, let IC be 
a subgroupoid of Q with Ti < IC. Then for a.e. x G X, the local indices [[C/ : lC\\x 
and [[/C : HWx o,t x are well-defined, and we have the equality 

[[Q-mx = [[Q.lC]]x[[lC:H]]x. 

Proof. Let $ : {X, ji) (V, v) be the ergodic decomposition for /C. We have the 
canonical Borel map from {W, lu) into (V, v) and that from (V, v) into [Z, because 
we have % < IC < Q . Since the composition of these two maps is equal to a, the 
inverse image of any point under these two maps is countable. The former assertion 
follows. The desired equality follows from Lemma 13.61 fiii) and Lemma 13.111 □ 

Lemma 3.13. In the notation in the second paragraph of this subsection, if A is a 
Borel subset of X with > 0, then for a.e. x G A, we have the equality 

[[{Q)a : WaWx = [[Q : nWx. 

Proof. Let tti : (A, (Zi,^i) and 9i: (A, ^|^) {Wx,uJi) be the ergodic 
decompositions for {Q)a and respectively. We have the canonical Borel map 

Gi : (Wi,uji) — > {Zi,^i) such that tti — aio6i, i.e., the following diagram commutes: 



{Wi,uji) (Zi,a) 

We also have the canonical injective Borel map from Zi into Z, and identify Zi 
with the image, which is a Borel subset of Z . In the same manner, we naturally 
identify Wi with a Borel subset of W. The map cri is the restriction of a under 
these identifications. 

Let W2 be a Borel subset of Wi such that uji{W2) > 0, and ai is injective on 
W2. Put Yi = 9^\W2). By definition, we have [[{g)A : {'H)a]]x = [{g)Y, : {H)y,]x 
for a.e. x £ Yi. We set Y — HYi = 9~^{W2). Since a is injective on W2, we have 
the equality [[G : H]]x = [{G)y ■ (Ji)Y]x for a.e. x GY. By Lemma [3. Ill the desired 
equality holds for a.e. x €Yi. □ 
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Lemma 3.14. Let T be a discrete group. Let K he a finite index, normal subgroup 
ofT. Suppose that we have a non-singular action ofT on a standard finite measure 
space {X, fi). We set Q = T tK X and % = Kk X , and define the maps tt, 9 and a as 
in the second paragraph of this subsection. Let u) = uj^d^iz) be the disintegration 
with respect to a. We assume that for a.e. z G Z, any point of a^^{z) has positive 
measure with respect to w^. Then for a.e. a; G X , we have the equality 

[[Q ■ 'H]]x = I ii / • 

Proof. We have the canonical non-singular action of F on {W, w) because A is normal 
in r. For w G W, let F^ denote the stabilizer of w in F, which contains A. The 
set a-~^{a{w)) is then identified with F/F„. Let Wi be a Borel subset of W such 
that uj{Wi) > 0; the map a is injective on Wi; and F^, = F^,/ for any w, w' £ Wi. 
Set Y — 9^^{Wi) and fix wq G Wi. The set Y is F^jq -invariant, and the equality 
{G)y ~ ^wa X Y holds. For a.e. x G F, we then have the equality 

[[G : n]U = [{g)Y ■■ {n)Yl = [F^„ X r : A K r], ^ [F„,„ : A]. 

The lemma therefore follows. □ 

3.4. Quasi-normal subgroupoids. Normal subgroupoids are studied in [33] and 
[44 1 as a generalization of normal subrelations introduced by Feldman, Sutherland 
and Zimmer 13 . In this subsection, we recall normal subgroupoids, and introduce 
quasi-normal subgroupoids, which are a slight generalization of normal ones. We 
refer to [4 and 5 for related works in the framework of von Neumann algebras. 

Let Q he a, discrete measured groupoid on a standard finite measure space {X, /z). 
Let r, s: Q ^ X denote the range and source maps of G, respectively. We define 
[[Q]] as the set of all Borel maps </>: — >■ Q from a Borel subset of X into Q such 
that s o (j){x) = X for any x G D^; and the map r o (p: X is injective. For any 

(f> G [[G]], we set i?0 — ro(j)[D^) and define a Borel map : {G)d^ {G)b.^ by the 
formula U^{g) — 4'{r{g))g<p{s{g))~^ for g G {G)d^,- The map is an isomorphism 
of discrete measured groupoids. 

Let iS be a subgroupoid of G- For <j) G [[G]], we set S'^ — U^{{S)d^)- We define 
two subsets Ng(5), QNg(5) of [[G]] by 

Ng{S)^{^e[[G]]\S^ ^{S)nJ, 
QNgiS) = {cf,e [[G]] I [{S)r, : {S)r^ n S% < ^, [5^ : {S)r, D S%. < oo 

for a.e. x G }. 

Definition 3.15. Let Cy be a discrete measured groupoid on a standard finite 
measure space {X, fi) with s: G ^ X the source map. Let 5 be a subgroupoid of 
G. 

(i) We say that S is normal in Q if there exists a countable family {</>„}„ of 
elements of Ng(5) such that for a.e. g & G, there exists n with s{g) G 
and 4>n{s[g))g^^ G S. 

(ii) We say that S is quasi-normal in Q if the same condition as in (i) holds 
after replacing Ng(iS) with QNg(iS). 

While the above definition of normal subgroupoids is slightly different from those 
in [29] and [44], it can be checked that they are equivalent. 
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We introduce composition and inverse of elements of [[Q]]. Pick </>, ?A £ [[G]]- We 
define r] G [[Q]] as follows. Set Z)^ = (r o 0)^^(_D^ n i?0) and define a Borel map 
77: D^i G hy ri(x) = ^(r o <j){x))<f>{x) for x G I?,,. The map 77 then belongs to [[5]]. 
The isomorphism [/^ is equal to the restriction of o U^p to {G)d^ ■ We denote the 
map rj hy • (j) and call it the composition of and tp. 

For (/) € [[^J]], we define C € [[^J]] as follows. Set Z?^ = i?^ and define a Borel map 
C: — by C(a;) = (/)((r o for x G Dq. The map ( then belongs to 

[[5]]- We have the equality C/^ = U^^ . Let us call the map ( the inverse of 0. 

Lemma 3.16. Lef S be a subgroupoid of Q . Then the following assertions hold. 

(i) For any (j) £ QNg(5) and any Borel subset A of Drf,, the restriction of (p 
to A, denoted by (I)\a, belongs to QNg(iS). 

(ii) For any 0, "0 G QNg(iS), we have ip • (f> G QNg(iS). 

(iii) For any (p G QNg(5), the inverse of cp also belongs to QNg(S). 

Proof. Let r,s: Q ^ X he the range and source maps of Q, respectively. Assertion 
(i) follows from Lemma [33] (ii). To prove assertion (iii), wc pick (p G QNg;(5). Let 
6 be the inverse of cp. For a.e. a; G -Re, we have 

[iS)R, : iS)Hs nSX = [iS)D, : (5)0, nS% = [S^ : 5* n (5)fl,]„0(.), 

where the second equality is obtained by applying U^. The right hand side is finite 
because cp belongs to QNg{S). In a similar way, we can show that [S^ : {S)Rgr\S^]x 
is finite for a.e. x € Rg. Assertion (iii) is proved. 

To prove assertion (ii), we pick (p,ip G QNg(iS) and put r/ = ip • <p. Let ( be 
the inverse of ^p. For any x G i?,,, let iJ be a set of representatives of all classes in 
(s-i(x) n {S)rJ/{{S)r^ n {S^')nJ. We have 

[{S)r, : {S)R^nS% < [{S)r^ : {S)r^ D {S^)R^nS^U 

- T.^iS)B„ n {s^)r^ : {S)r^ n {s^)R^ns\^,^, 

where the last equality holds by Lemma [331 fiiiV For a.e. x G i?,,, the set E is finite 
because ip belongs to QNg;(5). We put C = r o ({Rrj). For any g € E, putting 
y — ^{9)1 we have 

[{S)R^n{s^)R^:{S)R^n{s^)R^ns\ 
= [(5«)c n is)c ■■ (5«)c n {S)c n (s^hUav) 

< [iS)c : iS)c n iS^hUciv) < [('5)fl. : {S)r, H S%^^^y), 

where the first equality is obtained by applying . The first and second inequalities 
follow from Lemma [3.6l (ii) and Lemma [33] (ii), respectively. The right hand side is 
finite because (p belongs to QNg(5). We therefore have [{S)r^ : {S)r^^ riS'^]x < 00 
for a.e. a; G i?,,. 

Let ^ denote the inverse of 77, which is the composition of the inverses of ip and 
of (p. For a.e. x G Rrj, applying U^, we obtain the equality 

[5" : iS)R„ns% = [iS)R^ : 5« n iS)R^Ua.)- 



The right hand side is finite thanks to assertion (iii) and the argument in the last 
paragraph. Assertion (ii) is proved. □ 
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In the notation in Definition 13.151 S is normal in Q if and only if there exists a 
countable family {(/)„}„ of elements of Ng(5) such that Q ~ IJn "/""(-^^n) ^^P ^ null 
sets. This is because [[S]] is contained in Ng;(iS) and the composition of two elements 
of N0(iS) also belongs to Ng;(5). A similar property holds for quasi- normality if 
N0(5) is replaced by QNg(5). 

Let r be a discrete group and A a subgroup of F. The set QNp(A) introduced 
right before Definition 13. 151 is naturally identified with the subgroup Commr(A) of 
r introduced in Section [21 It follows that A is quasi-normal in F in the sense of 
Definition 13. 151 if and only if the equality Commr(A) = F holds. 

Lemma 3.17. Let T be a discrete group and A a subgroup o/F. Let F r\ (A, fi) be 
a non-singular action. If A is quasi-normal in T, then A k (X, /z) is quasi-normal 
m F K (A, fi). 

Proof. Put Q = r tx {X,fj,) and % = K k {X,^). For any 7 e F, the map from 
X into Q sending each element a; of A to (7,2;) belongs to QNg('H). The lemma 
follows. □ 

Lemma 3.18. Let Q be a discrete measured groupoid on a standard finite measure 
space {X,fi). Let S be a quasi-normal subgroupoid of Q . Then for any Borel subset 
A of X with positive measure, {S)a is quasi-normal in {Q)a- 

Proof. Let {(f)n}neN be a countable family of elements of QNg(5) such that for a.e. 
g ^ G, there exists n e A with s{g) G D^^ and (f>n{s{g))g^^ G S. Choose a Borel 
map ■0: SA — > S such that = for any a; G A, where Cx is the unit element 
at X] and s o ^(x) — x and r o ^(x) G A for any x G SA \ A. For each n G N, we set 

Dn = {x e An D^^ I r o 0„(a;) e SA} 

and define a Borel map -ipn ■ L>n — > {G)a by ipn{x) = ijj{r o 0„(a;))0„(x) for x G 
Taking a countable Borel partition of and restricting ^„ to each piece, we obtain 
a countable family {r?m}meA/ of elements of QN^g-j^ such that for any n € N 

and a.e. x G there exists m G Af with x G D,,^ and rjmix) = ipnix). 

For a.e. g G (^)a, there exists n G N with s((7) G and 4'n{s{g))g^^ G 5. 
Putting X = 5(5), we have r o 0„(x) G iSA. We can thus find m G M with x G -D,,^ 
and 'ipn{x) = rim{x). The equality r]m{x)g~^ = ipij" ° 4>n{x))4>n{x)g~^ holds, and 
this element belongs to {S)a- It follows that {S)a is quasi-normal in {Q)a- D 

Lemma 3.19. Let Q be a discrete measured groupoid on a standard finite measure 
space (A, /i). Let S and T be subgroupoids of Q such that S <T and [T : S]x < 00 
for a.e. x G A. Then we have the equality Q,Ng(S) = QNg;(T). In particular, S is 
quasi-normal in Q if and only ifT is quasi-normal in Q. 

Proof. We denote by r, s : — ?> A the range and source maps of Q, respectively. 
Pick G QNg;(5). For any x G i?^, let be a set of representatives of all classes 
in n {T)r^) / {S)r^. We have 

: {T)R,nT% < [{T)r, : {S)R,nS% = ^[(5)^, : {S)R^nS%,), 

geE 

where the last equality holds by Lemma 13.61 (iii). For a.e. x G the right hand 
side is finite because E is finite and cj) belongs to QNg(5). As in the last part in 
the proof of Lemma 13.161 (n). we can conclude that [T"^ : {T)r^ nT"'^]^ is also finite 
for a.e. x G R^. It follows that belongs to QNg(T). 
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Pick ijj £ QNg (T) . For any x S i?^ , let F he a. set of representatives of all classes 
in {s-'{x) n (r)fl,J/((r)fl, n T^). We have 

[{S)n, : {S)r, nS% < [{T)r, : {S)n, nS% 

For a.e. x G i?^,, the set F is finite because ip belongs to QNg(T). For any g G i^, 
putting y = ^'(5), we have 

< [{T)b., n : n r'^],[(r)«, n S'* n mnjy 

<[{r)R,:{s}nMr'' --sX, 

where the first and second inequalities hold by Lemnia l3.6l fi) and (ii), respectively. 
The right hand side is finite for a.e. x e i?^. We see that [(5)^^, : {S)r^ D S'^]x is 
finite for a.e. x G i?^,. Similarly, we can conclude that [S"^ : {S)r^ H S% is finite 
for a.e. x e R^. It follows that ip belongs to QNg(5). □ 

3.5. Quotient. Let {X,ii) be a standard finite measure space. Let Q he a, discrete 
measured groupoid on {X, /i). Given a normal subgroupoid S of Q, we can construct 
a discrete measured groupoid Q on a standard finite measure space {Z, ^) and a 
Borel homomorphism 9: Q ^ Q satisfying the following three conditions: 

(a) The equality ker6' = S holds. 

(b) For a.e. h G Q and x £ X such that 9{x) is equal to the source of h, there 
exists g € G with s{g) — x and 9{g) — h, where the map from X into Z 
induced by 9 is denoted by the same symbol 9. 

(c) If Q' is a discrete measured groupoid on a standard finite measure space 
{Z',^') and ii 9' : G Q' is a. Borel homomorphism with S < ker^', then 
there exists a Borel homomorphism r: Q — > Q' with t o 9 = 9'. 

The groupoid Q is called the quotient of by iS and denoted by G/S. We refer to 
the proof of Theorem 2.2 in |l3j for the construction of Q and 9 (see also Section 3 in 
[44) . where the quotient by a strongly normal subgroupoid is discussed). Although 
in |13| . the quotient is constructed in the case where G is principal, it is also valid 
in the general case. In the construction, the map from {X,fi) into (Z,^) induced 
by 9 is defined as the ergodic decomposition for S. In particular, if S is ergodic, 
then Q is a discrete group. The following lemma is deduced from the construction 
of the quotient. 

Lemma 3.20. Let G be a discrete measured groupoid on a standard finite measure 
space (X,fi). Let H be a normal subgroupoid of G- Then the following assertions 
hold: 

(i) Let A be a Borel subset of X with X — HA. Then the inclusion of {G)a 
into G induces an isomorphism from {G)a/{T~1)a onto G/'H. 

(ii) Suppose that we have a non-singular action of a discrete group F on {X, 11) 
and a normal subgroup A 0/ F such that G = TiK (A, fi) and H = A k ( A, /i) . 
// the action of A on (A, ^) is ergodic, then the projection from G onto F 
induces an isomorphism from G/'H onto F/A. 
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4. A VARIANT OF FURMAN'S THEOREM 

Theorem 14.21 below is used to construct a representation of a group ME to a 
given group. It is proved by Furman jlS^ in the framework of higher rank lattices, 
and plays a significant role to deduce ME and OF rigidity results in [6], [15], [16], 
[26] and (3^, etc. We provide a variant of this theorem to get a representation of a 
group ME to a Baumslag-Solitar group, into M. We first review measure equivalence 
and introduce terminology. 

Definition 4.1 ([20l 0.5.E]). Two discrete groups F and A are said to be measure 
equivalent (ME) if we have a standard Borel space (E, m) with a cr-finite positive 
measure and a measure-preserving action of F x A on such that there exist 

Borel subsets A, F C S satisfying m{X) < oo, m{Y) < oo and the equality 

□(7,e)y= |J(e,A)A 

7er AeA 

up to m-null sets. The space (E, m) equipped with the action of F x A is then called 
a {T, A) -coupling. 

ME is an equivalence relation between discrete groups (see Section 2 in [T5]). 
It is known that two discrete groups F and A are ME if and only if there exists 
an ergodic f.f.ni.p. action of F which is WOE to an ergodic f.f.m.p. action of A, as 
discussed in Section 3 of . 

Let F and A be discrete groups, and let G be a standard Borel group. Given 
homomorphisms tt: F — > G and p: A -t- G, we denote by (G, 7r,p) the Borel space 
G equipped with the action of F x A on it defined by 

(7, A)<7 = Tr{j)gp{X)-\ geG, 7 € F, AeA. 

Let E be a (F, A)-coupling, and let $ : E — >■ S" be a Borel map into a standard Borel 
space S on which F x A acts. We say that 3> is almost (F x A)-equivariant if we 
have the equality 

$((7, X)x) = (7, A)$(a;), V7 G F, VA e A, a.e. x G E. 

For a (F, A)-coupling E, we denote by E xa E the quotient space of E x E by the 
diagonal action of A, which is a (F, F)-coupling. We refer to Theorem 2.5 in [6] for 
the proof of the following: 

Theorem 4.2. Let T he a discrete group, G a standard Borel group and tt: F — > G 
a homomorphism. Let K be a discrete group, and let (E,m) he a (T, A) -coupling. 
We set ri = E Xa E. Suppose that 

(a) the Dirac measure on the neutral element of G is the only probability mea- 
sure on G invariant under conjugation by any element of ■niV); and 

(b) we have an almost (F x T)-equivariant Borel map from D, into (G,7r, tt). 
Then there exist a homomorphism p: A — )■ G and an almost (F x A)-equivariant 
Borel map $: E — >■ {G,t:,p). In addition, if kein is finite and there is a Borel 
fundamental domain for the action of 7r(F) on G by left multiplication, then p can 
be chosen so that ker p is finite. 

We say that a measure-preserving action of a discrete group F on a probability 
space (A, p) is weakly mixing if the diagonal action of F on the product (A xX, pxfi) 
is ergodic. This condition is known to imply that for any ergodic measure-preserving 
action of F on a probability space (Y, v) , the diagonal action of F on the product 



INVARIANTS OF ORBIT EQUIVALENCE RELATIONS 



17 



{X X Y, ij, X is crgodic (sec Proposition 2.2 in [45]). We note that for any (F, A)- 
coupling S, the action FxTr^SxASis ergodic if and only if the action A r\ S/F 
is weakly mixing. 

Theorem 4.3. Let T be a discrete group, G an abelian standard Borel group and 
■n:T ^ G a homomorphism. Let A be a discrete group, and let (T,,m) be a (F, A)- 
coupling. We set = E Xa S. Suppose that 

(1) the action K r\Ti/T is weakly mixing; and 

(2) we have an almost (F x T)-equivariant Borel map from Q into (G,7r, tt). 

Then there exist a homomorphism p: A — > G and an almost (F x A)-equivariant 
Borel map $: E — > (G,7r, p). 

Proof. For {x,y) e E x E, we denote by [x,y] € fl the equivalence class of {x,y). 
Let : f2 — ;> (G, tt, tt) be an almost (F x F)-equivariant Borel map. 

Claim 4.4. Define a Borel map iJ: E** — s> G &?/ 

H{x,y,z,w) ^ ^'([2/,z])«'([x,z])-i*([a;,u;])*([y,w])^i 
for {x,y,z,w) G E"*. Then LI is essentially constant. 
Proof. For any 7 G F, A G A and (x, y, z, w) G E**, we have 
H{x, y, z, w) = i?(7X, y, z, w) = H{x, jy, z, w) = H{x, y, 7Z, w) = H{x, y, z, 7U;) 
= LL{\x, Ay, Az, \w) 

because G is abelian. It follows that LL induces a Borel map H : (E/F)"* — > G which 
is invariant under the diagonal action of A on (E/F)^. This action of A is ergodic 
because the action A r> E/F is weakly mixing. The map H is therefore essentially 
constant, and so is H . □ 

Let go G G denote the essential value of the map LL . For z G E, we define a 
Borel map : E^ — > G by 

F,{x,y) = ^{[x,z])^([y,z])-^ 

for {x,y) G E'^. By Claim and Fubini's theorem, for a.e. a; G E and any A G A, 
we have 

F,{x, y)-^F^{x, y) = go = F,{X-'x, y)-^F^{\'^x, y) 
for a.e. (y, z, w) G E'^. For a.e. a; G E and any A G A, the equality 

F,iX-'x,y)F,ix,y)-' = ^i[\-'x, z])'^{[x, z])-' 

for any y G E implies that the Borel map E 9 z H> ^([A^^a;, z])^^ G G is 

essentially constant. We define Px{^) G G to be the essential value of this map. For 
a.e. X G E and any Ai, A2 G A, choosing some z G E, we have 

PxiXiX-^) = ^{[X^X^^x, z])^{[x, z])-i = ^{[X-^x, A2-iz])M/([x, z])"! 

= 'fiiX^^x, A2"^z])*([a;, X'^ z])-^'f{[x, X^^z])'f{[X^^x, X~^z])-'^ 

For a.e. a; G E, the map : A — >■ G is therefore a homomorphism. There exists an 
element xo of E such that px„ : A — )■ G is a homomorphism and we have the equality 
Pxa{X) = ^'([A^^xo, x])\I'([xo, x])^^ for any A G A and a.e. x G E. We define a Borel 
map $: E ^ G by >I>(x) = *([xo,x])"^ for x G E. The map E (G,7r,p) is 
then almost (F x A)-equivariant. □ 
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5. Elliptic subgroupoids 

We set r = BS(p, q) with 2 < |p| < |g|. Let T be the Bass-Serre tree associated 
with r. Suppose that we have a measure-preserving action of F on a standard finite 
measure space (X, /i). We set Q ~ T t< X and define a homomorphism p: Q T 
by p(7,x) = 7 for (7,0;) e Q. Let A be a Borel subset of X with positive measure. 
We say that a subgroupoid S of {G)a is elliptic if there exists an (5, /9)-invariant 
Borel map from A into V{T). 

For any w G T^(T'), the subgroupoid F„ k X of ^ is of infinite type, amenable 
and quasi- normal in Q because F„ is quasi- normal in F. Conversely, Theorem 15.11 
below says that these algebraic properties imply ellipticity. Let us say that a discrete 
measured groupoid H on a standard finite measure space (Y, v) is nowhere amenable 
if for any Borel subset i? of y with positive measure, (TL) b is not amenable. 

Theorem 5.1. We set F = BS{p,q) with 2 < |p| < \q\. Suppose that we have a 
measure-preserving action 0/ F on a standard finite measure space (X, /i), and set 
Q = T K X . Let A he a Borel subset of X with positive measure, and let S and T be 
subgroupoids of {Q)a such that we have S < T ; S is amenable and is quasi-normal 
in T ; and T is nowhere amenable. Then S is elliptic. 

Before proving this theorem, we prepare the following: 

Notation 5.2. For a locally compact Polish space if, we denote by M{K) the space 
of probability measures on K equipped with the weak* topology. Let V/ (T) denote 
the set of non-empty finite subsets of V{T). Let S{T) denote the set of simplices 
of T. We have the Aut(T)-equivariant map C : Vf{T) S{T) associating to each 
element of Vf{T) its barycenter (see Section 4.2 in [22] for a precise definition). We 
also have the Aut(T)-equivariant Borel map M : M{V{T)) — > Vf{T) associating to 
each 1/ G M{V{T)) the set of all elements of V{T) attaining the maximal value of 
the function 1/ on V{T). We set 

ST - { (x, y, z) G {dTf Ix^y^z^x}, 

where F acts by the formula '){x^y,z) = {■jx,jy,^z) for 7 G F and {x,y,z) G ST. 
We define a F-equivariant Borel map G : 6T V{T) so that for each {x, y, z) G ST, 
G{x, y, z) is the intersection of the three geodesies in T joining two of x, y and z. 
We define d2T as the quotient of dT x dT by the action of the symmetric group of 
two letters that exchanges the coordinates. 

Proof of Theorem \5.1\ This proof is similar to the proof of Lemmas 4.2, 4.4 and 
4.5 in (29j except for using quasi-normality in place of normality. The argument in 
[25] partially depends on the proof of Lemma 3.2 in [5] (see also Chapter 2 in [21]). 
For a Borel subset B of A with positive measure, we define Ib as the set of all 
iS-invariant Borel maps from B into V{T). It is enough to deduce a contradiction 
under the assumption that there exists a Borel subset B oi A with positive measure 
such that for any Borel subset Bi of B with positive measure, Ib^ is empty. Since 
S is amenable, there exists an 5-invariant Borel map from A into M{dT). 

Lemma 5.3. Let Bi be a Borel subset of B with positive measure, and let tp: Bi ^ 
M(dT) be an S -invariant Borel map. Then for a.e. x G Bi, the measure (p{x) is 
supported on at most two points of dT. 

Proof. If the lemma were not true, then there would exist a Borel subset B2 of 
Bi with positive measure such that for a.e. x € B2, the restriction of the measure 
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(p{x)^ on {dT)^ to ST is non-zero. Composing the map assigning to each x E B2 the 
normalization of the restriction of Lp{x)'^ to 6T , we obtain an iS-invariant Borel map 
from B2 into M{ST). Composing the maps G, M and C, we obtain an iS-invariant 
Borel map from B2 into S(T). We also obtain an 5-invariant Borel map from B2 
into V{T) because F acts on T without inversions. This contradicts our assumption 
that is empty. □ 

Lemma 15.31 implies that any iS-invariant Borel map ip: B ^ M{dT) induces an 
iS-invariant Borel map from B into d2T. We define J as the set of all iS-invariant 
Borel maps from B into d2T, which is non-empty. For each G J, we set 

Stp — {x e B \ \supp{(p{x))\ = 2 }, 

where supp(;/) denotes the support of a measure v. There exists an element ipo of 
J with /i(S'<po) = snp^^ J fj.{S^). 

Lemma 5.4. In the above notation, let Bi be a Borel subset of B with positive 
measure. Let Sq be a subgroupoid of {S)bi with [{S)bi '■ So]x < 00 for a.e. x € Bi. 
Then for any So-invariant Borel map ip: Bi — )■ d2T , we have ip{x) C ^po{x) for a.e. 
X e Bi. 

Proof. We naturally identify d2T with a subset of J-{dT), the space of non-empty 
finite subsets of dT. Let ip: Bi ^ d2T be an iSg-invariant Borel map. By Lemma 
13.81 there exists an iS-invariant Borel map $: _Bi — > F{dT) such that 'p{x) C $(a;) 
for a.e. x € Bi. Since each element of J-{dT) naturally associates a probability 
measure on dT, applying Lemma [Ol we have $(x) G d2T for a.e. x £ Bi. By the 
maximality of n^S^pg), we have $(x) C ^po{x) for a.e. x G Bi. It thus turns out that 
(fix) C ^po{x) for a.e. x G Bi. The lemma is proved. □ 

We claim that the map (po is T-invariant. Pick ip G QNj-^-)^ It suffices 
to show that for a.e. x G D^, we have the equality p{ilj{x))ipo{x) = ^pa{r o ijj{x)). 
We define a Borel map x - — i> d2T by x{x) = p{'tp{x))^^ ^po{r o ^p[x)) for x G D^. 
For a.e. g G {S)d^ n U^^{{S)r^,) with x = s{g) and y = r{g), we have 

P{9)x{x) = p{tl;{y)y'^p{t(;{y)gi(;{xy'^)ipo{roip{x)) = p{ijj{y)y'^ipo{r oil;{y)) = xiv), 

where the second equality holds because U^{g) = ■il;{y)g'il;{xy^ belongs to S. Since 
'(/'isinQN(7-)^((5)B), we have [{S)d^ ■ {S)d^<^U,'^^{{S)r^)]x < 00 for a.e. x G D^. 
By Lemma 15.41 the inclusion xi^) C 1^30(2;) holds for a.e. x G D^. 

Let C G QNj-^-)^ {{S)b) be the inverse of ^p. We next define a Borel map lu : 
d2T hy Lu{y) — p{C{y))~^Vo{f°Ciy)) foiy G -D^. The argument in the last paragraph 
implies the inclusion C ipo{y) for a.e. y G -D(;. For a.e. x G I?^, we have 

X{x) = Vo(?' o C (^o(a;) = p(V'(a;))~^a;(r o 

and thus xi^) = (Pol^;). The claim is proved. 

The action of F on d2T is amenable in a measure-theoretic sense by Corollary 
3.4 in [29^. The existence of the T-invariant Borel map (po: B —i' d2T therefore 
implies that {T)b is amenable by Proposition 2.5 in f29^. This is a contradiction 
because T is nowhere amenable. □ 

In the following theorem, we obtain a result similar to Theorem 15. II for a discrete 
group having an infinite amenable normal subgroup with the quotient hyperbolic. 
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Theorem 5.5. Let A be a discrete group, and let N be an infinite, amenable and 
normal subgroup of A such that A/N is non- elementarily hyperbolic. Suppose that 
we have a measure-preserving action of A on a standard finite measure space {X, fi) . 
We set Q = A tK X. Let A be a Borel subset of X with positive measure, and let 
S and T be subgroupoids of {Q)a such that we have S < T; S is amenable and is 
quasi-normal in T; and T is nowhere amenable. 

Then there exist a countable Borel partition A — A„ and a subgroup i„ of A 
.such that for each n, we have N < L„, [L„ ; A'^] < oo and < {Ln ix X)a,^- 

Proof. The proof is essentially the same as that of Theorein l5.ll We put Q = A/N 
and denote by dQ the boundary of Q as a hyperbolic metric space. Let Q act on 
itself by left multiplication. This action of Q extends to a continuous action on the 
compactification Q U dQ of Q. As before, for a locally compact Polish space K, we 
denote by M{K) the space of probability measures on K equipped with the weak* 
topology. Let Qf denote the set of non-empty finite subsets of Q. We have the 
Q-equivariant Borel map M : M{Q) Qf associating to each v e M{Q) the set of 
all elements of Q attaining the maximal value of the function v on Q. We set 

6Q = {(x,v,z) e {dQf \ X ^ V ^ z ^ x}, 

where Q acts by the formula 7(0;, y, z) — (jx, jy, jz) for 7 G Q and {x, y, z) G 6Q. 
The set SQ is non-empty because Q is non-elementary. In Definition 6.6 of [T], 
Adams constructs a Q-equivariant Borel map MS: SQ Qf, using hyperbolicity 
of Q. We define 92 Q as the quotient of dQ x dQ by the action of the symmetric 
group of two letters that exchanges the coordinates. 

For a Borel subset _B of yl with positive measure, we define Lb as the set of all 
5- invariant Borel maps from B into Qf. Assume that there is a Borel subset B oi A 
with positive measure such that for any Borel subset Bi of B with positive measure, 
Lbi is empty. Along the proof of Theorem l5.ll we can deduce a contradiction, using 
the fact that the action of Q on is amenable in a measure-theoretic sense, proved 
in Theorem 5.1 of |1]. It follows that La is non-empty, that is, there exists an 5- 
invariant Borel map ip: A ^ Qf. Take a countable Borel partition A — |J^ An such 
that for each n, the map ijj is constant on An- Since the stabilizer of each element 
of Q/ in Q is finite, for each n, there exists a subgroup L„ of A such that N < Ln, 
[Ln : N] < 00 and < {Ln k X)a„. □ 

6. The modular cocycles 

Given a finite-measure-preserving, discrete measured groupoid Q and its quasi- 
normal subgroupoid S, we introduce the modular cocycle of Radon-Nikodym type 
and the local- index cocycle in Sections 16.11 and 16.21 respectively. They are defined 
by measuring a difference between S and its conjugate by an element of QNg{S). 
In Section 16. 3[ these two cocycles are computed when Q and S are associated with 
an action of a Baumslag-Solitar group and its restriction to an elliptic subgroup. 

6.1. The modular cocycle of Radon-Nikodym type. In this subsection, unless 
otherwise stated, let Q he a measure-preserving, discrete measured groupoid on a 
standard finite measure space {X,^). Let 5 be a quasi-normal subgroupoid of Q. 
Fix (j) G QNg(5) with fi{D4,) > 0. We first define D{<j),x) G M+ for x G D^. We 
will define T): Q ^ , called the modular cocycle of Radon-Nikodym type for Q 
and iS, so that D{(j){x)) = X>(0, x) for a.e. x G D^. 



INVARIANTS OF ORBIT EQUIVALENCE RELATIONS 



21 



We put D — D^, R = and U = Uc/,. Wc also put 

5_ = {S)d n u~\{S)r), s+ = {S)r n u{{S)d). 

The restriction of U is an isomorphism from S- onto S+ . Unless there is a confusion, 
for each x G I?, we write U{x) — ro(f)[x) G R. Let vr: (X, /x) — > {Z, ^) be the ergodic 
decomposition for S. Let /i = ^zd^iz) be the disintegration with respect to tt. 
For z e Z, we put = 7r^-'^(z). Let 

7r_: (AMb) ^ and ^+ : (i?, /ij^j ^ (Z+, e+) 

be the ergodic decompositions for S- and S+, respectively, with (7r_)*(/i|i3) = 
and (7r+)*(/u|/j) = For z G Z_, we put Dz = irZ^iz), and for w G Z_|_, wc put 
Rw ~ Let Y_ and y+ be the Borel subsets of Z with SD = 7r~^(Y_) and 

SR — TT^^(Y^). We define ttj^ : 13 — )■ y_ and tt^j : i? as the restrictions of tt. 

We set 77_ = (7r_D)*(/i|_D) and = (7i'fl)*(Ml-R)- Let : Z_ y_ and (t+ : Z^ — ^ 
y+ be the canonical Borel maps such that the following diagrams commute: 

iD,^i\D) 





For y G we put {Z-)y = aZ^{y), and for y G Y+, we put {Z^ 

The map ttd is the ergodic decomposition for {S)d- We have the disintegration 




with respect to tt/^ because the equality r/_ = X?|v- holds, where x is the Borel 
function on defined by xiv) = l^y{D H Xy) for y G Applying Lemma to 
{S)d and iS_, we may assume that for a.e. y G Y-, the set {Z-)y is finite. Applying 
Lemma [3.10l to ttd, 7r_ and ct^, we see that for a.e. z G Z-, the restriction ^j^cr-(z)\D;, 
is a constant multiple of the ergodic measure for {S-)z- 

In the same manner, we may assume that for a.e. y G 1 + , the set {Z+)y is finite, 
and we see that for a.e. z G Z-|_, the restriction /io-+(z)l-R2 is a constant multiple of 
the ergodic measure for {S+)z- Since U is an isomorphism from S- onto iS+, for 
a.e. X € D, the two measures on the set U{Dj^_(^^-^) = Rtt^{u{x))i 

C^*(A'7i-(a;)l-D„_(,)) and ^J■7T(u{x))\R^^^u(^))^ 

are a constant multiple of each other. We define a number x) = 5, 0, a;) G 
Kl^ by the equality 

Lemma 6.1. If A is a Borel subset of D with ij,{A) > 0, then we have the equality 
D{<P\a, x) = 'D{(f>, x) for a.e. x G A. 

Proof Let be the Borel subset of Z_ with ttZ^{W- ) = S-A. The map /3_ : A — >■ 
W- defined as the restriction of 7r_ is the ergodic decomposition for {S-)a- Putting 
B — U{A), we define W+ and p+: B ^ W+ similarly. For a.e. x £ A, restricting 
the equality in the definition of a;) to B, we obtain the equality 



U*i^J-^:(x)\D^_^^)nA) = 55(0, x)p 

Tr{U{x)) \Rtv,(1. 



^nB• 
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Putting Az = /0_^(z) for z G W- and ~ p^{w) for w £ W+, we have £'7r_(a;) H 
A = ^p_(k) and Rtt+(u(x)) C\ B = Bp^(jj(,j.-^-^ for a.e. x £ A. The lemma follows. □ 

We define a Borel function D ~ J!){Q ,S): Q ^ as follows. Pick a countable 
family $ of elements of QNg(iS) such that fJ.{D^) > for any e $ and the 
equality G = U^e* <?^(-^0) holds. For g G G, choose G $ with g G 4>{D^), and 
set = 23(0, 5(5)). This definition of D does not depend on the choice of $ by 
Lemma |6. II We call T) the modular cocycle of Radon- Nikodym type for G and 5. 

Lemma 6.2. T/ie function "D : G ^ defined above is a Borel cocycle, that is, it 
preserves products. 

Proof. Pick 0, V G QNg(5) and put ri = i; • (j), D = D^, R = and C/ = [/^. We 
assume /i(-D) > and the equality _D^, — R^ — U^{D). Put L = U^(D) and 

For a.e. x £ D, since [(<S)_d : ^-J^ is finite, the set D D X^f^-^ is decomposed into 
finitely many crgodic components for S- by Lemma 13.91 Similarly, for a.e. x £ D, 
since [(iS)^) : S'_]x is finite, the set D n ^^^(a;) is decomposed into finitely many 
ergodic components for S'_. Let Zi be the Borel subset of Z with SD = tt^^{Zi). 
For a.e. z £ Zi, pick ergodic components D- and D'_ for 5- and S'_ , respectively, 
with D^,D'_ C and A^^l^- n L*^) > 0. For ^^-a.e. x € D'_, the equality 

{U^)*{fJ'-^{x)\D'J = 2)('/',a;)/i^([/^(a;))|;7^(_D'_) 

holds by the definition of D(0, x). 

For a.e. y £ L, since : S"]y is finite, the set L Ci -'^^(t/) is decomposed into 

finitely many ergodic components for 5" . Let D'^ be an crgodic component for 5" 
with ^z'iU^iD- nD'_)nD'l) > 0, where z' is the point of Z with U^{D'_) C X^/. 
Such z' exists because we have U^{S'_) C For ^^/-a.c. y G the equality 

(C/v)*(M7r(y)|l?'_!) = S(V^,2/)A*77(;7^(j/))I;7^(Z3'_!) 

holds by the definition of 1){ip,y). Combining the above two equalities, we obtain 
D{r),x) = D{ip,U^{x))i:i((t>,x) for /x^-a.e. x G U;j;^{U^{D_ D D'_) n D'_L). □ 

The following two lemmas will be used to compute the cocycle D. 

Lemma 6.3. Let S and T he subgroupoids of G such that S < T; [T : S]^ < 
00 for a.e. x G X; and T is quasi-normal in G. We set Tig = "^{G^S) and 
Dj- — 1){GtT). Then there exists a Borel map tjj: X ^ with the equality 
^sig) = i'{r{g))T)r{gMs{g))-' for a.e. g G G. 

Proof. Note that by Lemma I3.19[ S is quasi-normal in G- Let tt : {X, (x) — > {Z, 
and 6: {X,ii) {W,lu) be the ergodic decompositions for S and T, respectively. 
Let fJ- ^ l^zdC{z) and fi = Vyjduj{w) be the disintegrations with respect to 
TT and 9, respectively. We have the canonical Borel map r : (Z, ^) {W, w) with 
e = Ton. Pick an element of the set QNg;(T) = QNg;(5) with ii{D^) > 0. We put 
D — D^, R = i?0 and U — U^, and define iS_, iS-f, 7r_ and 7r+ as in the definition 
of D{G,S). Similarly, we set 

r_ - {r)D n u-\{t)r), r+ = {T)r n u{{t)d). 

Let 9--. {D,^\d) — s> {W-,uj-) and 9+: — ;> (W+,w+) denote the ergodic 
decompositions for 71 and 7+, respectively. 
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Since we have [T : <S]a: < oo for a.e. x & X, the set t^^{w) is finite for a.e. 
w £W hy Lemma [3791 We define a Borel map ip: X ^ M!^ by ip{x) = i^e(2;)(-''^7r(a;)) 
for X & X. Applying Lemma 13.101 to 9, tt and r, we have the equality ve{x)\x„f^'j — 
^(a:)/i7r(2;) for a.e. x £ X . Combining the two equalities 

U*{^J-^,{x)\D,_^^)) = 2)5(0, a;)^^(c/(j.))|H^^(„(^,j, 

defining Dgi't', x) and 'Df{(j), x), we obtain the equality in the lemma. □ 

Lemma 6.4. Let A be a Borel subset of X with fi{A) > 0. We put 2) = T){Q,S) 
and TfA = 'S{{G)A,iS)A)- Then there exists a Borel map -0: A — > with the 
equality T>a{9) = ip{r{g))T>{g)tl;{s{g))~^ for a.e. g G {g)A- 

Proof. We use the same notation as in the beginning of this subsection to define 
S)(0,x) for X D. Fix e QN5(>S) with ^(D^) > 0. Put D = and R^. 
We assume D C A and R C A. Put v = fi\A- Let 9: {A, v) ^> {W,uj) be the ergodic 
decomposition for {S)a with 9^v = uj. Let v — v^dLo{w) be the disintegration 
with respect to 9. To define the number 2)^(0, cc) = 'Zi{{Q)a, ('5)^1, 0, x), we use 9 
and {i^ujIiu in place of tt and {/Xz}z, and use the same iS_, 5+, 7r_ and 7r+ because 
we have D (Z A and R (Z A. For a.e. x G I?, we thus have the equality 

Let be the Borel subset of Z with 7r~^(Zo) = Let a: W Zghe the Borel 
isomorphism with tt = a o on A. We have the disintegration 

1^=/ lJ-a{w)iAnXa{n,))'^t^a{w)\Aduj{w) 

Jw 

with respect to 9 because the equality a^uj — x^\zo holds, where x is the Borel 
function on Zg defined by xi^) = f-ziA n X^) for z e Zq. For a.e. w G VF, we 
have /iQ(to)U — pia{w){.A n ^a(u,))i^to by uniqueness of disintegration. We define a 
Borel map ij^: A ^ by il){x) = ^ X-k(x)) for x & A. Combining the two 

equalities defining S)(0, a;) and 2)^1 (0, x), we obtain the equality in the lemma. □ 

6.2. The local-index cocycle. We fix a standard finite measure space {X, /x) and 
a measure-preserving, discrete measured groupoid G on (X, /i). Let 5 be a quasi- 
normal subgroupoid of G- We define a Borel function 3 = ^ M.^ as 
follows. Pick a countable family $ of elements of QNg{S) such that n{D^) > for 
any G <1> and the equality G = U^e* 'l>{^<p) holds. For G $, we put 

For g G G, choosing G $ with g G (p{D^), we define the number G M!^ by 

By Lemma [3.131 this definition of 3 does not depend on the choice of $. We call 3 
the local-index cocycle for G and S. 

Lemma 6.5. The function 3: 5 — ?> defined above is a Borel cocycle, that is, it 
preserves products. 
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Proof. For each 4> G QNg;(iS), wc set S'^ = U^{{S)d^)- Pick two elements cj), ip of 
QNg(5), and put rj ~ tp • (p, D = D,) and R — Rrf. We assume > and the 

equahties D — and R = Rip. For a.e. x G D, putting y ~ r o rj[x), we obtain 
the equaUty 



r o 0(a;)) 



[[{S)r : {S)r n S%y _ [[{S)r : {S)r H H 5"]], 



js^ : iS)R n s^]]y [[s^ : {S)r ns^n ' 

where we apply Lemma l3.12l to the second equality. Applying the same lemma, we 
also obtain the equality 



[[S'l' : 5^ n>S'']]j, _ [[S''f' : (5)^, n 5^ n 5"]]^ 



for a.e. x £ D with y = r o ri{x). Combining these two equalities, we have 



J{'4>,ro(j){x))3{(l),x) 



[{S)r : iS)R ns^n S^]]y _ [[(5)^ : iS)R n 5"] 



[[5" : {S)r ns^n S^]]y [[5" : (5)^ n 

for a.e. x E D with y = r o ri{x). The function 3 is therefore a Borel cocycle. □ 

Lemma 6.6. The following assertions hold: 

(i) Let A be a Borel subset of X with ^(A) > 0. We put 3a = {S)a)- 
Then the equality ^Aig) = 3(.9) holds for a.e. g £ {G)a- 

(ii) Let T be a subgroupoid of Q such that S < T ; [T : S]x < oo for a.e. x E X ; 
and T is quasi-normal in Q. We set 3j- ~ 3{G,T). Then there exists a 
Borel map ip: X ^ with the equality 3t(5) — '4'{'^{9))'^{9)'4'{^{9))~^ 
for a.e. g E G. 

Proof. Assertion (i) follows from Lemma 13.131 We prove assertion (ii) . We pick 
an element cj) of the set QNg(T) = QNg(5) with ii{D^) > 0. Put D ^ and 
R = R^. Define a Borel map ip: X ^^.^hy ip{x) = [[T : S]]^ for x EX. For a.e. 
X E D, putting y ~ r o (f){x), we obtain the equality 



3rWx)) 



[[ir}R:{T)RnT% [KT)R:iS)RnS<f] 



[rf:{r)RnT'^]]y [[T'^:iS)RnS^]]y 

^ ^{y)3i<j)ix))^ix) 



[[{r)Hr.{S)R]]y [[{S)R:{S)RnS% 



[[T^:S^]]y [[St':{S)RnS^]]y 

where we apply Lemma l3.12l to the second and third equalities, and apply Lemma 
13. 131 to the fourth equality. Assertion (ii) follows. □ 

6.3. Computation. For a finite-measure-preserving action of a Baumslag-Solitar 
group r, we show relationship between the modular homomorphism m: F — > 
and the cocycles 2) and 3 for the groupoid associated with the action of F and its 
elliptic subgroupoid. 

Lemma 6.7. Let T be a discrete group, and let N be a quasi-normal subgroup of 
F. Suppose that we have a measure-preserving action of T on a standard finite 
measure space (X, jj). We set Q = T k X and M = N k X , and set D = 1){Q,N) 
and 3 = 3{Q,M). For any 7 € F, if both N H jNj~^ and N n j~'^Nj are normal 
subgroups of N, then for a.e. x E X , we have the equality 

3(7, a;)a(7, x) ^ [N : N f] -^N-i-^N : N n -i-^N-f]-^. 
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Proof. Fix 7 G r and define cf): X ^ Q by <j){x) — (7,x) for a; G X. We then 
have (j) G QNg(7\/'). Let tt: {X,^) — > (Z, ^) be the ergodic decomposition for TV 
with 7r*/i = ^. Let fi — fj.zd£,{z) be the disintegration with respect to tt. We 
set iV_ = iV n 7"i7V7 and N+ ^ N n jNj'^. Similarly, we set A/L = iV_ k X 
and Af+ = K X. Let 7r_ : (X, ^) (^-, C-) and 7r+ : {X, ^) ^ (^+, be the 
ergodic decompositions for A/L and A/+ , respectively. We have the canonical Borel 
maps cr_ : (Z, f ) and cr+ : {Z, ^) with tt = (t_ o7r_ = cr4.0 7r_|.. 

The group N transitively acts on (tZ^{tt{x)) and on (T^^(7r(y)) for a.e. x <E X and 
a.e. y ^ X because iV_ and N^- are normal subgroups of N. By Lemma [STTU the 
equalities 



hold for a.e. a; e X and a.e. y ^ X. On the other hand, we have 

f^^{x)i'^Z\n-{x))) = \aZ\n{x))\-\ ^^(y)(7r^i(7r+(y))) = \a-\Tr{y))\-'^ 

for a.e. x e X and a.e. y £ X. The equality D{j,x)3{j,x) = [iV : N+][N : N-]''^ 
thus holds for a.e. x ^ X. □ 

Corollary 6.8. We set F = BS(p, q) with 2 < |p| < \q\ and denote bym:T^Rl 
the modular homomorphism. Let E he an infinite elliptic subgroup of T . Suppose 
that we have a measure-preserving action of T on a standard finite measure space 
{X,fi). We setg = r K X andS = E K X, and set Tl = Tlig,£) and3 = 3{g,£). 
Then we have the equality 'D{'j,x)'3{'j,x) — m(7) for any 7 G F and a.e. x £ X. 

7. The Mackey range of the modular cocycle 

Fundamental ideas of the Mackey range of a cocycle are discussed in Section 6 
of [34] and Section 7 of [42] , where it is called the "range closure" of the cocycle. 
Let g he a, discrete measured groupoid on a standard finite measure space {X, fi). 
Let be a locally compact second countable group and r : g ^ H a Borel cocycle. 
We define the Mackey range of r as follows. Define a discrete measured equivalence 
relation TZ on X x H by 

^ = { i{r{g),r{g)h), {s{g), h)) E {X x Hf \ g e g, h e H }. 

Let Z denote the space of ergodic components for TZ. The action oi H on X x H 
defined by h{x, h') — {x, h'h~^) ior x G X and h,h' E H induces an action of H on 
Z. This action H r\ Z is called the Mackey range of r. We can check the following 
two lemmas that are basic facts on Mackey ranges. 

Lemma 7.1. In the above notation, let A be a Borel subset of X with gA = X. 
We denote by H r\ Za the Mackey range of the restriction of t to (5) a- Then the 
inclusion of A x H into X x H induces an isomorphism between the two actions 
H r\ Za and H r\ Z . Namely, it induces a measure space isomorphism 77 : Za ~> Z 
such that for any h £ H , we have 7]{hz) = hri{z) for a.e. z £ Za. 

Lemma 7.2. In the above notation, the following assertions hold: 

(i) Let f be a Borel automorphism of g. Define a Borel cocycle Tf : g ^ H by 
Tf ~ TO f. Then the automorphism of X x H sending {x, h) to {f~^{x), h) 
for X Cz X and h E H induces an isomorphism between the Mackey ranges 
of T and Tf . 
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(ii) Let ip: X ^ H be a Borel map. Define a Borel cocycle t^: Q ^ H by 
''"^(f) ~ v{^{9))'''{9)v{^{9))^^ for g G Q. Then the automorphism ofXxH 
sending {x, h) to (x, ip{x)h) for x ^ X and h E H induces an isomorphism 
between the Mackey ranges of t and . 

In the rest of this section, we set F — BS(p, q) and A = BS(r, s) with 2 < |p| < \q\ 
and 2 < |r| < |s|, unless otherwise mentioned. Let m: F — > and n: A — > 
denote the modular homomorphisms. 

Theorem 7.3. Let (E, m) he a (F, K)-coupling. Then there exists an almost (Fx A)- 
equivariant Borel map $ : S — > (R, log om, log on) . 

Proof. We may assume that the action of F x A on (E,m) is ergodic by Corollary 
3.6 in [IJ. Let AT, y C S be fundamental domains for the actions of A and F on 
S, respectively. Putting Z = X OY, we may assume that Z has positive measure. 
Let a: F X X A be the ME cocycle associated to X, defined by the condition 
(7, a(7, a;))^ G AT for 7 S F and x E X. Since X is identified with I]/({e} x A), 
we have an ergodic measure-preserving action T X, where X is equipped with 
the finite measure that is the restriction of m. To distinguish this action from the 
original action on E, we use a dot for the new action, that is, we denote (7, a{'j, x))x 
by 7 • 2;. Similarly, we have an ergodic measure-preserving action A r\Y and use a 
dot for this action. We set ^ = F x X and = A x F. The map /: {g)z ^ {U)z 
defined by /(7,a:) = (q;(7, a:), a:) for (7,x) G (Q)z is then an isomorphism. Let Tr 
and Ta denote the Bass-Serre trees associated to F and A, respectively. For a vertex 
u oiT■c^ we set Qu —^u x AT. Similarly, for a vertex v of Ta, we set — A^, x Y . 

We fix a vertex u oiTy. By Theorem 15. 1[ is an elliptic subgroupoid 

of {'H)z- It follows that there exist a Borel subset Zi of Z with positive measure 
and a vertex v of T\ with < i'Hv)zi- Repeating this argument for 

and Hy, we find a Borel subset A of Zi with positive measure and a vertex u' of 
Tr with {H,)a < f{{Qu')A)- Putting £ = f-\{Hy)A), we have 

((F, n Tu') kX)a<S< (F„, X X)a. 

We put 2)r = S)((tJ)A,f) and = 3{{g)A,£)- Let p: 5 -> F be the projection. 
Since F„ n F„' is a finite index subgroup of Tu' , by Lemmas 16.31 16.41 and 16.61 and 
Corollarv 16.81 there exists a Borel map ip^): A ^ such that 

Sr(5)3r(ff) = ipo{rg{g))m o p{g)^Po{sg{g)y^ 

for a.e. g G {Q)a^ where rg,sg: Q ^ X denote the range and source maps of Q, 
respectively. Put 2)a = and 3a = liiWjA, i'Hv)A)- Let a-.H^ A 

be the projection. A similar property also holds for these maps. On the other hand, 
the equality /(£") = {Hv)a implies that S)a ° f — and D^a ° / = ^fp- It follows 
that there exists a Borel map ip: A ^ such that 

v{rg{g))m o p{g)(p{sg{g)y^ = n o a o f{g) 

for a.e. g G We thus have the equality 

(*) (^(7 • x)m(7)i^(a;)^"'" = n o a(7, x) 

for any 7 G F and a.e. x E A with 'y ■ x E A. We define a Borel map $ : E — > R by 

$((7,A)x)=log(m(7)^(a;)-in(A)-i) 

for a; G A, 7 G F and A G A. Using equation ([!)), we can show that $ is well-defined 
and is a desired map, along the argument in the proof of Theorem 4.4 in ^28^. □ 
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Theorem [121 is obtained by combining Lemma [731 Lemma 1 7. 2 1 and equation ([*|. 

Remark 1 A. Let F r\ {X, ji) be an ergodic measure-preserving action on a standard 
finite measure space, and call it a. We denote by tt: {X,fi) iZ,£,) the ergodic 
decomposition for the action of kcrm on (X, /i). We have the canonical action of 
m(r) on {Z, ^) and the action of log om(r) on it through the isomorphism log : ~> 
M. The flow associated with a, introduced in Section[Tl is defined as the action of M 
induced from the action of logom(r) on (Z,^). If \p\ — \q\, then the flow associated 
with a is isomorphic to the action of M on itself by addition because m is trivial. If 
\p\ < \q\, then we have the following two cases: 

• If there exists a positive integer n such that up to null sets, Z consists of 
n points each of whose measure is £,{Z)/n, then the flow associated with 
a is isomorphic to the action of R on K/ (— log \p/q\")Z by addition. 

• li Z contains no point whose measure is positive, then the flow associated 
with a is finite-measure-preserving and any orbit of it is of measure zero. 

Following terminology for transformations of type III (see Section [5]), in the first 
case, we say that the action F r\ {X,fj.) is of type jp/gl". In the second case, we 
say that the action F (X, fi) is of type 0. 

Corollary 7.5. Assume \p\ < \q\ and \r\ < \s\. IfT and A are ME, thenkei-m and 
kern are ME. 

Proof. We may assume \q/p\ < \s/r\. Let S be a (F, A)-coupling. There exists an 
almost (F x A)-equivariant Borel map $: E ^ (M, log om, log on) by Theorem 17.31 
We set J7 = {mSM|0<u< log \q/p\ }, which is a fundamental domain for the 
action of log om(F) on M and is contained in that for the action of log on(A) on R. 
The set ^~^{U) then has positive measure and is a (kerm, kern)-coupling. □ 

For discrete groups G and H, two measure-preserving actions G r> {Z,£^) and 
H (W, to) on measure spaces are called conjugate if there exist an isomorphism 
F : G ^ H and a measurable isomorphism / from a conuU measurable subset of Z 
onto a conuU measurable subset of W such that and uj are equivalent and for 
any g € G, we have f{gz) = F{g)f{z) for a.e. z ^ Z. 

Corollary 7.6. Assume \p/q\ — \r/s\. Let F rv (AT, /i) and A rv (F, i^) be ergodic 
f.f.m.p. actions. Let tt: {X,fi) — > (Z,^) and 9: {Yjv) {W,Ll)) be the ergodic 
decompositions for the actions kerm r\ {X,fj,) and kern r\ (Y^iy), respectively. 
Lf the actions F rv {X, ii) and A r> (Y, ly) are WOE, then the canonical actions 
m(F) r\ (Z, ^) and n(A) o^ ( W, w) are conjugate. 

Proof. We have the actions log om(F) rv (Z, ^) and log on(A) r\ {W, uj) through 
the isomorphism log: — > M. Let R {Zi,^i) and K r\ {Wi^ui) denote the 
actions induced from these two actions, respectively. By Theorem 11.21 these two 
actions of M are isomorphic. The assumption \p/q\ — \rls\ implies the equality 
logom(F) = logon(A). The action of logom(F) on almost every ergodic component 
for its action on (Zi,^!) is isomorphic to the original action logom(F) r\ (Z, ^). A 
similar property holds for the actions of logon(A) on (Wi,wi) and on (1^,0;). The 
corollary therefore follows. □ 

Remark 7.7. We set F = BS{p,q) with 2 < |p| < \q\, and suppose that we have 
an ergodic measure-preserving action of m(F) on a standard finite measure space 
{Z,£^). We construct an ergodic f.f.m.p. action F {X,fi) such that the canonical 
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action of m(r) on the space of ergodic components for the action kerm r\ {X, /i) is 
isomorphic to the given action on {Z,^). Let F o^ {Yjv) be an f.f.m.p. action such 
that its restriction to kerm is ergodic. We set {X,ii) — (Yjiy) x (Z,^). Define an 
action of F on {X, ^) by j{y, z) = {jy, m{'-f)z) for 7 e F, y e F and z & Z. This is 
shown to be a desired action. 

By definition, any associated fiow is induced from an ergodic measure-preserving 
action of log om(F) on a standard finite measure space. Thanks to the construction 
discussed above, we can find an ergodic f.f.m.p. action of F whose associated fiow 
is isomorphic to such a given action of R. 

Proof of Theorem \1.3i We set F — BS{p,q) with 2 < |p| < \q\, and suppose that 
an ergodic f.f.m.p. action F r\ {X, 11) is WOE to a weakly mixing f.f.m.p. action 
A rv (y, v) of a discrete group A. Let E be the (F, A)-coupling associated with the 
WOE between the actions F r\ {X,fi) and A r\ {Yji'). Combining Theorems 14.31 
and 17.31 '^6 obtain a homomorphism 5 : A — >■ R and an almost (F x A)-equivariant 
Borel map $ : S -> (R, log om, 6). 

If S were trivial, then $ would induce a F-equivariant Borel map from X = S/A 
into M. The group logom(F) is infinite and discrete in R. This is a contradiction 
because we have the F-invariant finite measure fi on X. The homomorphism S is 
therefore non-trivial. 

Put M = (log|q/p|)Z. The map $ induces a A-equivariant Borel map $ from 
Y = E/FintoM/A/. Define a Borel map * : YxY ^ R/Af by ^'(a;, y) = ^x)~^{y) 
for x,y e Y. Let A act on Y x Y diagonally. The map ^ is A- invariant and is 
therefore essentially constant because the action A rv (Y, v) is weakly mixing. It 
follows that i> is essentially constant and that 5(A) is contained in M . □ 

Proof of Theorem \1.5i We set F = BS{p,q) with 2 < |p| < Let A be a discrete 
group such that there is an infinite amenable normal subgroup of A with the 
quotient A/N non-elementarily word- hyperbolic. Assuming that F and A are ME, 
we deduce a contradiction. Let E be a (F, A)-coupling such that the action of F x A 
on E is ergodic. As in the proof of Theorem 17.31 we choose fundamental domains 
X, y C E for the actions of A and F on E, respectively, such that the intersection 
Z = X r\Y has positive measure. We set Q ~ T x X and H ~ A x Y. Let 
a: r X X Ahe the ME cocycle associated to X. We then have the isomorphism 
/: {G)z {'H)z defined by f{'-f,x) = (0(7, x), a;) for (7,0:) £ {Q)z- Let T denote 
the Bass-Serre tree associated to F. For a vertex v of T, set t/„ = F„ k X. 

Since {Qv)z is amenable and quasi-normal in {Q)z, by Theorem 15.51 there exist 
a Borel subset Zi of Z with positive measure and a subgroup L of A with N < L, 
[L : N] < 00 and f{{Gv)zi) < {L x X)zi- Since {L x X)z^ is also amenable and 
quasi-normal in {'H)z^, by Theorem 15.11 there exist a Borel subset A of Zi with 
positive measure and a vertex v' of T with f~^{{L x X)a) < {Qv')a- Along the 
proof of Theorem 17.31 using Lemma 16.71 we find a (F x A )-equi variant Borel map 
E — ^ (R, log om, logo/), where I: A ^ R^ is the trivial homomorphism. The 
map $ induces a F-equivariant Borel map from E/A into M. This is a contradiction 
because log om(F) is infinite and discrete in K. □ 

8. Reduction of a coupling of Baumslag-Solitar groups 

For a discrete group G acting on a tree T so that the stabilizer of any simplex 
of T in G is infinite and cyclic, Gilbert, Howie, Metaftsis and Raptis present a 
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sufficient condition for tlie automorpliism group of G to be canonically represented 
into tlie automorpliism group of T , in Tlieorem A of |19j . In Section [8.11 relying on 
their argument, for any coupling of two Baumslag-Solitar groups satisfying a certain 
ergodicity condition, we construct an equivariant Borel map from the coupling into 
the space of isomorphisms between the associated Bass-Serre trees. Throughout 
this section, we fix the following: 

Notation 8.1. Let p, q, r and s be integers with 2 < |p| < \q\ and 2 < \r\ < \s\. 
Let do > denote the greatest common divisor of p and q, and let cq > denote 
the greatest common divisor of r and s. Putting po = p/do, qo ~ q/do, tq — r/co 
and So = s/co, we assume that q is not a multiple of p and that s is not a multiple 
of r. We thus have 1 < |po| < \qa\ and 1 < |ro| < |so|- 

We set F = BS{p,q) and A — BS(r, s). Let Tr and Ta be the Bass-Serre trees 
associated with F and A, respectively. We denote by i: F ^> Aut(Tr) and A ^ 
Aut(rA) the homomorphisms associated with the actions on the trees. Let a G F 
(resp. 6 G A) be a generator of the stabilizer of a vertex in Tr (resp. Ta). We define 
Isom(TA,rr) as the set of orientation-preserving isomorphisms from T\ onto Tr, 
which are equipped with the standard Borel structure induced by the pointwise 
convergence topology. The set Isom(Tr,TA) is also defined similarly. 

8.1. Reduction to isomorphisms between trees. For non-zero integers m, n, 
we say that a measure-preserving action of Z on a measure space is (m, n)-ergodic 
if for any non- negative integers fc, I, the action of the subgroup m^v}'L is ergodic. 

Theorem 8.2. In Notation \8. 11 let (I],m) be a {T, A) -coupling. We suppose that 

(1) the action of {a'^") on almost every ergodic component for the action (a) r\ 
S/A is (po, q())-ergodic; and 

(2) the action of {b'^°) on almost every ergodic component for the action (6) 
S/F is (rQ, SQ)-ergodic. 

Then there exists an essentially unique, almost (F x A) -equivariant Borel map 
$ : S ^> (Isom(TA, Tr), I, j). In particular, we have \p\ = \r\ and \q\ — \s\. 

Lemma 8.3. In Notation \8.1\ the Dirac measure on the neutral element o/Aut(Tr) 
is the only probability measure on Aut(Tr) invariant under conjugation by any 
element of i(F). 

Proof. Let /x be a probability measure on Aut(Tr) invariant under conjugation by 
any element of ^(^). Let F = (a,< | taPt~^ = a'') be the presentation of F. Note 
that t acts on Tr as a hyperbolic isometry. Let x± G 9Tr denote the two fixed points 
of t. We define a Borel map F : Aut(Tr) ^ 5Tr by F(^) = ip{x+) for ip G Aut(Tr). 
Since tx+ = x+, we have T*/i = (T o Adt)*/i — {i{t) o F),,pL. The measure F^jj, is 
thus invariant under the action of t. Since the action of {t) on dT^ \ {x±] is free 
and admits a Borel fundamental domain, we have F^,n{{x±]) = 1. It follows that 
/i is supported on the set { </? G Aut(Tr) | ^{x+) G {x±} }. A verbatim argument 
implies that fj, is supported on the stabilizer of the set {x±} in Aut(Tr). 

The element ata^^ G F also acts on Tr as a hyperbolic isometry. In a similar 
way, if y± G i9Tr denote the two fixed points of ata~^, then /i is supported on the 
stabilizer of the set {y±} in Aut(Tr). Let v denote the vertex of Tr such that the 
stabilizer of u in F is equal to (a). Any element ip of Aut(Tr) with (p{{x±}) = {x±} 
and ip{{y±}) ~ {y±} fixes v because v is the intersection of the geodesic in Tr 
between x^ and X- and the one between and y_. It follows that jj, is supported 
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on the stabilizer of v in Aut(Tr). Since F acts on V{Tt) transitively, we conclude 
that /i is supported on the neutral element of Aut(Tr). □ 

In the notation in Theorem 18.21 let X, F C S be fundamental domains for the 
actions of A and T on S, respectively. Let a:V x X — > A be the ME cocycle 
defined by the condition (7, q;(7, a;))a; G X for 7 G F and x ^ X. To distinguish 
the action V r\ X and the action F r> E, we use a dot for the former action, that 
is, we set 7 • a; = (7, a(7, a;))a; for 7 S F and x ^ X. Similarly, we use a dot for 
the action K r\Y . By Lemma 2.27 in [27], we may assume that the intersection 
Z = A n F satisfies the equality T ■ Z = X when Z is regarded as a subset of 
A, and satisfies the equality K ■ Z = Y when Z is regarded as a subset of Y . 
We set e = F K A and H = A K r . Let / : {G) z {H)z be the isomorphism 
defined by /(7,x) — (a(7,x),x) for (7,0;) € {Q)z- For each simplex u of Tr, we 
put = F„ K A. Similarly, for each simplex v of Ta, we put 7{„ = A„ ix 

Lemma 8.4. // we have ui,U2 G V"(rr) and a Borel subset W of Z with positive 
measure satisfying the inclusion {Qui)w C {Qu2)w , then the equality Ui = Ui holds. 

Proof. Assuming that ui ^ U2, we deduce a contradiction. Let e be the edge of Tr 
containing ui and contained in the geodesic between m and U2. The inclusion in the 
lemma implies the equality {Qe)w = {Gui)w- On the other hand, by condition (1) in 
Theorem 18.21 and Lemma 1331 fii). (in), we have [{Gui)w '■ {Ge)w]x = [F„i : Fe] > 1 
for a.e. x £ W. This is a contradiction. □ 

Lemma 8.5. For any u G V"(Tr), there exist a countable Borel partition Z — Z„ 
and Vn G V{Ta) such that f{{Gu)z,J = (^d„)z„ for each n. 

Proof. By Lemmas 13.171 and 13.181 {Gu)z is quasi-normal in {G)z, and it is also of 
infinite type and amenable. It follows that f{{Gu)z) is of infinite type, amenable and 
quasi-normal in {TL)z- Let a: H — >■ A be the projection. By Theorem l5.ll f{{Gu)z) 
is elliptic, that is, there exists an {f{{Gu)z), cr)-invariant Borel map ip: Z ^ V{Ta). 
Take a countable Borel partition Z = Z„ such that for each n, the map ip is 
essentially constant on Z„, and denote by w„ G V{T\) the essential value of tp on 
Zn- We obtain the inclusion f{{Gu)z„) C {Hv^ jz,, for any n. Applying the same 
argument to f~^ in place of / and taking a finer Borel partition of Z, for each n, 
we find Un G V{Tr) with the inclusion f^^{{'Hv„)zn) C {Gu„)z„- By Lemma [8.41 
for any n, the equality u„ = u holds, and the equality in the lemma also holds. □ 

Lemma 8.6. // we have ei, 62 G E{T\) and a Borel subset W of Z with positive 
measure such that {'Hei)w — (^e2)wj then the equality Ag^ — A^^ holds. 

Proof. Since we have {'Hei)w — i^ei ^T~ie2)w — i'K-e2)w, condition (2) in Theorem 
18.21 and Lemma [331 (ii). (iii) imply that we have Ae^ = Ag^ H A^^ = A^^- □ 

Proof of Theorem [KM For a.e. z G Z, we define a map (p^: V(Tr) — >■ V^(Ja) by 
Pz{u) — Vn ii z Cz Zn, wherc we use the notation in Lemma 18.51 By symmetry, a 
conclusion similar to Lemma [8.41 holds for subgroupoids of H. For a.e. z G the 
map pz is thus well-defined and is independent of the choice of a countable Borel 
partition of Z. Applying the same process to /^^ in place of /, for a.e. z G ^, we 
obtain a map -i/'z : ^{Ta) ^{Tr). By Lemma l8^ for a.e. z G ^, the composition 
ipz opz is the identity on V(Tr), and pz oipz is the identity on V{Ta). In particular, 
p}z and ■02 are bijections. 
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Claim 8.7. For a.e. z € Z , Lpz defines a simplicial isomorphism from Tr onto Ta- 

Proof. This proof heavily depends on the proof of Theorem A in [19] . We extend 
the map ■ V{T-p) — > V(T\) to a continuous map (p^'- ^ Ta in an affine way. 
Namely, for each edge e of Tp whose origin and terminal are ui and U2, respectively, 
the restriction of (p^ to e is the affine homeomorphism from e to the geodesic from 
'fz{ui) to ^z{u2)- Similarly, we extend ipz to a continuous map ^z-T\-^Ty. 

We show that for a.e. z€Z,(pz is locally injective, that is, for any u S V{Tr) 
and any two distinct edges ei, 62 of Tr whose boundaries contain u, the first edges 
of the paths ipz{ei), <^z(e2) are distinct. This implies injectivity of ipz, and thus 
implies the claim. 

We pick u € V{Tr) and suppose that we have a Borel subset W of Z with positive 
measure and two edges e, e' of Tr whose boundaries contain u, such that for a.e. 
z £ W, the first edges of the two paths ipz °<^z(e), ipz °'^z(e') in Tr starting at u are 
equal. Denote the first edge by d. It suffices to show the equality e — e'. For a.e. 
z £ Z, any 7 G F and any v G V^(Tr), we have ^ipz ° Vz{v) — = 'ipz° Vz{iv). The 
equality 7'0z ° 'Pz{s) = ^z° 'fizijs) thus holds for any 7 G F and any s G Tr. We 
have the inclusions Fg < F^ and Fg' < F^i, and thus Fg = F^ = Fg' thanks to the 
assumption that q is not a multiple of p. There exist k,k' G Z with d = aj^e = a.^ e', 
where Uu is a generator of T^- The equality a^~'^ tpz o <^z(e) — ipz o 'fz{e') implies 
the equality a'^~''' d = d. We have a^"''' G F^ = Fg, and thus e' = a^"'''e = e. □ 

Claim 8.8. For a.e. z G Z, t/ie simplicial isomorphism (p^ ; Tr — ?• Ta is orientation- 
preserving. 

Proof. Pick w G V^(Tr). Let ei, . . . , e|g| G E{Tr) denote the edges whose boundaries 
contain u as their origins. Let ui, . . . , G V^(Tr) be the vertices of ei, . . . , e|q| 
other than u, respectively. Let Zi be a Borel subset of Z with positive measure 
where the maps assigning fziu) and ipz(ui) to z are constant for any i. We denote 
by V and the values of the maps on Zi, respectively, and denote by fi the edge 
in E(T\) connecting v with Vi. The equality Fg^ — ■ ■ ■ = Fg|^| implies the equality 
{Gei)zi = ■ ■ ■ = (t/g|g|)zi- It follows that there exists a Borel subset Z2 of Zi with 
positive measure such that {'Hf^)z2 = ■■■ = (^/|,|)z2- By Lemma [8.61 we have 
A/j A/|^| . The edges /i, . . . , f\q\ therefore have the same origin. □ 

The rest of the proof of Theorem 18.21 is essentially the same as that of Theorem 
4.4 in [28] . We define a Borel map ip: Z ^ lsom{Tr,T\) by (p{z) = ipz for z e Z. 
Following the proof of Lemma 4.7 in [28], we can show the equality 

J o q;(7, x)(f{x) = 1/7(7 • x)t{j) 

for any 7 G F and a.e. x d Z with 7 • a; G The coupling E is identified with 
A X A as a measure space. The group F x A acts on A x A by 

(7, X)(x, A') = (7 • x, a{j, x)X'X^^) 

for 7 G F, A, A' G A and x e X. We define a Borel map Isom(TA,Tr) by 

putting $((7, A)(a::, ca)) = i{-f)(p{x)^^j{X)^^ for 7 G F, A G A and x E Z, where e\ 
denotes the neutral element of A. This map $ is shown to be well-defined and be 
a desired one. We refer to the proof of Theorem 4.4 in f28^ for a precise argument. 
Uniqueness of $ follows from Lemma 18.31 □ 

Through the translation between ME and WOE, we obtain the following: 
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Corollary 8.9. In Notation \8.1\ let T r\ {X, jj.) and A rv {Y, v) he ergodic f.f.m.p. 
actions such that 

• the action of {a'^") on almost every ergodic component for the action (a) r\ 
{X,ij) is {po,qo)- ergodic; and 

• the action of {b'^°) on almost every ergodic component for the action (6) r\ 
(Yjh') is {rQ, so)-ergodic. 

If the actions T r\ {X,ii) and A r\ (Y,!^) are WOE, then \p\ = \r\ and \q\ = \s\. 

8.2. A profinite completion of integers. This subsection is preliminary to the 
next subsection. We fix two integers p, q with 2 < p < q. Define do as the greatest 
common divisor of p and q, and set po — p/do and qo = q/do. We assume that q is 
not a multiple of p. We thus have 1 < po < 9o- 

Let E denote the infinite cyclic group Z. For two non-negative integers k, I, we 
denote by E^^i the subgroup of E with [E : Ekj] = d^p^qly. We define E^o as the 
projective limit 

Eoo = \^raE/Ek,u 

which is a compact unital ring. The group E is naturally identified with a dense 
subgroup of Eoo- For two no n- negative integers fc, we denote by E^j the closure 
of Ek^i in i?oo, which is equal to the kernel of the canonical homomorphisni from 
Eoo onto E/Ekj. 

Lemma 8.10. In the above notation, the following assertions hold: 

(i) The additive group i?o.o torsion-free. 

(ii) For any two non-negative integers k, I, the map ak,i ■ Eq^ E^^i defined 
by o'fe.;(x) = p^q^x for x £ i?o.o '"^ isomorphism of additive groups. 

(iii) For any continuous automorphism a of the additive group Eoo • there exists 
a unit r of Eoo with a{x) = rx for any x G £'oo- 

(iv) Let r he a unit of Eoo. If there exist non-negative integers k, I with rx — x 
for any x S Ek,i, then do{r — 1) = 0. 

(v) Conversely, if r is a unit of Eoo with do{r — 1) = 0, then we have rx — x 
for any x G Eo.a- 

Proof. To prove assertion (i), we pick an element x of Eq_q and a positive integer 
m with mx — 0. Choose a sequence {ni}i in _Eo.o converging to x. The sequence 
{mni}i then converges to 0. Let fc be a positive integer. For any sufficiently large i, 
the integer mui is divided by do{poqo)'^. It follows that for any sufficiently large i, 
the integer Ui is also divided by do{poqo)^ ■ The sequence {ni]i therefore converges 
to 0, and we obtain a; = 0. Assertion (i) is proved. 

Assertion (ii) follows from assertion (i). In assertion (iii), putting r = a(l), we 
have the equality a{n) = nr for any n G Z. The equality a{x) = rx for any x G Eoo 
follows from the continuity of a. 

Let r be a unit of Eoo satisfying the assumption in assertion (iv). We then have 
doPoqoir — 1) = because doPo^o belongs to Ekj. On the other hand, do{r — 1) 
belongs to Eq^q. We have do{r — 1) = by assertion (i). Assertion (iv) is proved. 

In assertion (v), pick an element x of -Eq.O: which is approximated by a sequence 
{doni}i of elements of Eq^q with rii G E for any i. Let y G Eoo be an accumulation 
point of the sequence {n^j^. We then have doy = x and (r — l)a; = (r — l)doy — 0. 
Assertion (v) is proved. □ 
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8.3. Further reduction. Under an assumption stronger than that in Theorem 
18.21 we obtain the following stronger conclusion. 

Theorem 8.11. In Notation \8.1[ let (I],m) be a {T, A) -coupling. We assume the 
following two conditions: 

(I) The action of (a'*") on E/A is ergodic. 
(II) The action of {b'^°) on E/F is ergodic. 
Then there exists an integer e G {±1} with {p,q) — (er, es), that is, T and A are 
isomorphic. 

Theorem 11.41 follows from this theorem. Before the proof of Theorem 18.111 let 
us make a few comments. By Lemma [A. 2| conditions (I) and (II) imply conditions 
(1) and (2) in Theorem 18.21 respectively. It follows that there exists an almost 
(r X A)-equivariant Borel map $: E (Isom(TA, Tr), i, j) and that the equalities 
\p\ — \r\ and \q\ = \s\ hold. In particular, the equality cq = do holds. 

Proof of Theorem \8.11\ Because of the above argument, to prove the theorem, it 
is enough to deduce a contradiction under the assumption that p>0, q>0, r=p 
and s = —q. We then have rg = po and Sq = —qo- We fix the notation as follows. 
Fix uq e V{Tr) and vq e V{Ta). Let E denote the stabilizer of uq in F, and let F 
denote the stabilizer of vq in A. For two non-negative integers k, I, we denote by 
Ek^i the subgroup of E with [E : Ekj] = rfoPo^o- Similarly, we denote by Fkj the 
subgroup of F with [F : Fk^] = doPo^o- Define the projective limits 



We define 3 as the space of continuous isomorphisms from Eoo onto i^oo as additive 
groups, and equip it with the standard Borel structure associated with the compact- 
open topology. 

By Theorem 18.21 there exists an almost (F x A)-equivariant Borel map $ : E ^ 
(Isom(TA, Tp), I, j). Let Eq be the inverse image under $ of the Borel subset {(fi & 
Isom(TA,Tr) | '^{vo) = uq}. The subset Eq has positive measure because we 
have the equality FEq = E up to null sets. As in Lemma 5.2 of [28], it is shown 
that Eq is an {E, F)-coupling. Let X, F C Eq be fundamental domains for the 
actions F r\ and E r\ J^q, respectively, such that Z = X Y has positive 
measure. They are also fundamental domains for the actions A r\ E and F r> E, 
respectively. We have the natural actions T r\ X and A r\Y, and set ^ = F x X 
and H = AkY. Let a: TxX — A be the ME cocycle associated with X. The Borel 
map /: {Q)z — > {'H)z defined by f{j,x) — {a{'-f,x),x) for (7,2;) G {Q)z is then an 
isomorphism. We set £ — E ^ X and T = F tK Y. The equality f{{£)z) — iJ-)z 
holds by the construction of X and Y. For two non- negative integers fc, we set 



Claim 8.12. For any two non-negative integers k, I with {k,l) ^ (0,0), there exists 
a countable Borel partition Z = Z^'^ with the equality f{{£k.i) ^k,i) = {J'k.i)z^'^ 
for any n. 

Proof. Let k and / be non-negative integers with {k,l) ^ (0,0). There exists a 
vertex u e V{Tr) with i? n F„ = Ekj, where F^ is the stabilizer of u in F. By 
Lemma [8.51 there exist a countable Borel partition Z — \_\^^Zn and Vn G V{T^) 
such that f{{Qu)Zn) — (^«„)z„ for any n, where we use the same notation as in the 
lemma. It follows that / sends {£k,i)z„ onto {J^ r\'Hv^)z„ for any n. Condition (I) 





£k,i = Ek,i K X, Fk,i ^ Fk,i X Y. 
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in Theorem 18.111 and Lemma I A . 2 1 imply that £k.i is ergodic. By Lemma l3.5l fii) and 
(iii), the index of {£k.i)zn in {^)z„ at a.e. x G Z„ is equal to doPo9o- I* follows that 
the index of {J'r^'Hv^)z„ in (•^)z„ at a.e. x € Z„ is also equal to the same number. 
There exist non-negative integers k' , I' with {k',l') ^ (0,0) and n Hy^ — J-k\i'- 
Condition (II) in Theorem 18.111 and Lemma [A. 2 1 imply that J-k\i' is ergodic. By 
Lemma 13.51 (ii) and (iii), we have k' — k and I' = I. The claim is proved. □ 

Construction oi ipf)'- Z ~> 3. Let k and / be non-negative integers with (fc, /) ^ 
(0, 0). We have a countable Borel partition Z = \_\^_^ Z^''' satisfying the conclusion 
in Claim \E.12\ For each we have the isomorphism 

E/Ekj S/£k,i — > (^)z^;''/('^fc^')z^'' ~^ (•^)z,';-'/(-^fc,Oz^ ' ^ ^ l^k.i — > F/Fk^i, 
where we use Lemma 13.201 in the isomorphisms other than the third one. We define 
a Borel map ^pkd ■ Z x E/Ek,i F/Fk,i so that for any x G Z^'', '4'k,i{x, ■) is equal 
to the above isomorphism. This map is defined independently of the choice of the 
countable Borel partition of Z. 

For any integers k' and /' with k' > k and /' > I and for a.e. x G Z, we have 
the following commutative diagram, where the vertical arrows denote the canonical 
homomorphisms : 

E/Ek\i' F/Fk\i' 



E/ Ek,i ^ F/ Fk^ 

We therefore obtain a Borel map tpo : Z ^ 3 such that for a.e. x E Z and for any 
non-negative integers fc, I with (fc, I) ^ (0, 0), the isomorphism ijjoix) from E^o onto 
Foo induces the isomorphism 'ipk,i{x, •) from E/Ek.i onto F/Fk.i- 

Claim 8.13. The map ijjQ: Z — 3 is essentially constant. 

Proof. We fix 7 e i? and a Borel subset A oi Z with positive measure such that the 
inclusion 'y ■ A C Z holds, and a(7, •) is constant on A with the value X E F. Define 
an automorphism of G by U^{g) — i7,r{g))g{'^, s{g))~^ for g G Q. Similarly, 
define an automorphism V\ of "H by V\{h) — (A, r(/i))/i(A, s(/i))~-^ for h £ H. 
The automorphism U-y preserves £ and £k,i for any non-negative integers k, I with 
(fc, Z) (0,0). It follows that induces an isomorphism 

E/Ek,i ^ {£)A/{£kj)A {£)^.A/{£k,i)^-A ^ E/Ek,i, 

which is the identity because E is commutative. Similarly, the automorphism V\ 
induces an isomorphism 

F/Fk,i ^ iT)A/{J'k,l)A ^ {F)x-A/{Fkj)x.A ^ F/Fkj, 

which is the identity. Note that we have 7 ■ A = X- A because / induces the identity 
on Z. The equality f oU^ = V\o f holds on {Q)a by the definition of /. We thus 
have "00(7 ■ x) = ipoi^) for a-e. x E A. This equality holds for a.e. a; G 2^ by the 
choice of A. The claim follows because £ is ergodic. □ 

Construction of C. The groups F and A do not act on 3 naturally. Let us now 
introduce a standard Borel space C on which F x A acts and which contains a 
quotient of 3. We define £0 as the set of continuous isomorphisms from a closed 
finite index subgroup of £^00 onto a closed finite index subgroup of Fqo as additive 
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groups. We say that two elements of £o are equivalent if there exists a finite index 
subgroup of Eoc on which they are equal. Define £ as the set of equivalence classes 
in £o- For (/? G Cq, let [(p] G £ denote the equivalence class of (p. 

Lemma 18.101 fii) implies that we have the isomorphisms (Ti^q: Eq^ Ei^q and 
(To,i : £-0,0 ~^ -E'0,1 defined as the multiplications by po and qq, respectively. We 
define a: i?i.o — > i?o,i as the composition cro,i o {(Ji.o)^^. In the presentation F = 
{a,t \ ta^t^^ — a'' ), let F act on € from right as follows. Let a act on £ by the 
identity and t act on € by [(p]t — [ip o a] for ip G €o, where the composition (p o a is 
defined on a closed finite index subgroup of Ei q. 

Similarly, we have the isomorphisms ti q: ^o,o ~^ ^i.o and tq.i : -Fo,o ~^ ^o.i 
defined as the multiplications by po and qq, respectively. We define t: Fi^q Fq.i 
as the composition tq.i o (ti q)^^. We also have the automorphism I of defined 
by I{x) = —X for x G Fr^,- In the presentation A = {h,u \ uVu~'^ = let A 

act on £ from left as follows. Let h act on £ by the identity and u act on £ by 
u[ip\ = [t o I o ip\ for g £o. This action of A on £ commutes the action of F. 

Let U denote the group of units of i?oo, which is a closed subset of Eoo- For 
r E U, let rrir denote the automorphism of the additive group Eoo defined by 
mr{x) = rx for x S Eoo- The group U acts on 3 by the formula rLp = tp o m^-i for 
r € U and ip G 3. We define Uq as the subgroup of U consisting of all r € U with 
do{r ^ 1) ^ 0, which is closed in U. The natural map from 3 into £ induces an 
injective map from the quotient 3/Uq into £ by Lemma fS.lOl fiii)-fvV We define Co 
as the image of this map and equip it with the standard Borel structure induced 
by the map. 

For n e Z, we set Cqct" = {[cp o cr"] € £ | G Co }. Similarly, we define the 
subset t"Co of £. For any ip € €o and any n G Z, the equality [ip o cr"] — [r" o p] 
holds. It follows that for any rt G Z, the equality Cocr" — r"Co holds. Since [/ o p] 
belongs to Co for any [ip] G Cq, we have 

CoF = y Coa" = U t"Co - ACo- 

Let C denote this subset of £, on which F x A acts. 

We claim that the sets Cqct" through n G Z are mutually disjoint. Let ^ and rj 
denote the Haar measures on Eoa and Foe, respectively, with the total measure 1. 
For any [tp] G Co, we have ip^.^^ — rj on sl closed finite index subgroup of Foe- On 
the other hand, we have (cr")*^ = ((j'o/po)"C on a closed finite index subgroup of 
Eoo- The claim follows. We equip C with the standard Borel structure so that the 
actions of F and A on it are Borel. 

We define a Borel map ip: Z — > Cq as the composition of the essentially constant 
map ipo'- Z ^ 3 with the natural map from 3 into £. Recall that we have the 
cocycle a: F x AT ^ A associated with X. We use a dot for the action of F on X, 
that is, we set j ■ x — ("j, a{'y, x))x for 7 G F and x G X . 

Claim 8.14. For any 7 G F and a.e. x E Z with ^ ■ x E Z, we have the equality 
a(7, x)ip(x) = ■0(7 ■ x)"f. 

Proof- We fix 7 G F and a Borel subset A oi Z with positive measure such that the 
inclusion j - A C Z holds, and a{'y, •) is constant on A with the value A G A. Define 
the automorphism U-y of Q and the automorphism V\ of Ji by the same formulas 
as in the proof of Claim [8TT31 The equality f o — V\ o f holds on {Q)a by the 
definition of /. 
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Choose integers n, K and L such that K > |n|, i > \n\ and 'yEk,ij^^ = Ek-n.i+n 
for any k,l E 1, with k > K and I > L. For any such k,l G Z, the automorphism 
U-y induces an isomorphism 

Ex.h/Ek^l -^{SK,L)A/{£k,l)A 

/E, 

It moreover induces an isomorphism from Ek.l onto EK-n,L+m which is equal to 
the restriction of cr". For a.e. x a A, the isomorphism f oU^ from {Q)a onto ('H)a a 
therefore induces the element [1/^0(7 ■ ° cr"] of C, which is equal to ■0(7 ■ 

Similarly, the automorphism V\ induces an element of Cqj which is a restriction 
of (r o I)™ for some m G Z. For a.e. x E A, the isomorphism V\ o f induces the 
element [(t o /)™ o V'o(a;)] of C, which is equal to Xipo{x). □ 

We define a Borel map ^! : T, C hy ^{{j,X)x) = A?A(a:)7"^ for 7 e F, A e A 
and X G Z. As noted in the end of the proof of Theorem l8.21 the equality in Claim 
18.141 is used to show that vjf is well-defined and is almost (F x A)-equivariant. By 
condition (I) in Theorem 18.111 the action E r\ S/A is ergodic. Since the action 
of E on A\C is trivial, the map from E/A into A\C induced by 5* is essentially 
constant. It follows that the image of 4' is essentially contained in A[ao], where 
is an element of €0 such that [ao] is the essential value of the map ip: Z — > Cq. 
A similar argument shows that the image of ^ is essentially contained in [ao]F. 
We thus have the equality A[ao] = [q:o]F. It implies that there exists n e Z with 
[roloao] — [ao ocr"]. Since we have [ao °cr"] = [t" oao], there exists a closed finite 
index subgroup of F^o on which r^~" o / is the identity. One can find a non-zero 
element x of Fq^q such that r^^" o I[x) is defined and equal to x. If 1 — n > 0, 
then there exists an element y of Fo,o with x — p^^'^y = —q^^^y. We thus have 
{Pq~" + qo~")y = and obtain a contradiction by Lemma [8.101 (i). If 1 — n < 0, 
then there exists an element z of Jq.o with x = Qq'^z = —Pq^^z. We also obtain a 
contradiction. □ 

Remark 8.15. In Theorem 18. 11[ the conclusion is not necessarily true if we assume 
conditions (1) and (2) in Theorem 18.21 in place of conditions (I) and (II). A simple 
counterexample comes from commensurability between BS(p, q) and BS(p, —q) with 
2 < IpI < \q\- If P and q are integers with 2 < |p| < \q\, then for each e G {±1}, the 
subgroup F^ of BS{p,eq) = {a,t \ taPt~^ = a^* ) generated by a, tat^^ and is of 
index 2, and Fi and F_i are isomorphic. Let F: F_i — Fi be this isomorphism. 

Let Fi X F_i act on Fi by (7,^)5 = jgF{S)-^ for 7,5 G Fi and S G F_i. Put 
F = BS(p, q) and A = BS(p, —q). We define E as the (F, A)-coupling defined by the 
action of F x A induced from the action ofFixF„ionFi. This coupling fulfills 
conditions (1) and (2) in Theorem 18.21 while it does not satisfy the conclusion of 
Theorem 18.111 because F and A are not isomorphic. 

8.4. A coupling with an unknown group. The argument of this subsection 
heavily relies on Monod-Shalom 36 . We say that a measure-preserving action of a 
discrete group G on a measure space {X, fj.) is mildly mixing if for any measurable 
subset A oi X and any sequence {gi}i of G tending to infinity with {fi{giAAA)}i 
tending to 0, we have either ii{A) = or ^{X \A)=0. 

Theorem 8.16. We set F — BS{p,q) with 2 < |p| < \q\ and denote by do > the 
greatest common divisor ofp and q. Assume that q is not a multiple of p. Let A be a 
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discrete group. Let (E, m) be a (F, A)-coupling such that the action {a'^") rv E/A is 
ergodic; and the action A r\ E/F is mildly mixing. We define T as the Bass-Serre 
tree associated with F. 

Then there exists an orientation-preserving simplicial action of A onT such that 
for any v G V(T), the stabilizer of v in A is infinite and amenable; and the actions 
of A on V(T) and on E(T) are both transitive. 

The conclusion of this theorem imphes that A is an HNN extension of an infinite 
amenable group Aq relative to an isomorphism between a subgroup of Aq of index 
\p\ and a subgroup of Aq of index \q\. 

Proof of Theorem \8.16[ We define as the quotient space of E x E by the diagonal 
action of A, which is a (F, F)-coupling. By Lemma 6.5 in [36], both the actions 
(a*) r\ ri/({e} x F) and {a''^") r\ ri/(F x {e}) are ergodic. In the apphcation of 
the cited lemma, we use the assumption that the action A r> E/F is mildly mixing. 
Thanks to Lemma IA.21 Theorem 18.21 can be applied to fl. Combining Theorem 
14.21 and Lemma 18. 3i we obtain a homomorphism p: A ^ Aut(T) and an almost 
(F X A)-equivariant Borel map $ : E — ^ (Aut(r), i, p). For each simplex s of T, let 
Stab(s) denote the stabilizer of s in Aut(T), and put 

E, = $-i(Stab(s)), F^ =i-i(i(F)nStab(s)), A, = p-i(p(A) n Stab(s)). 

As in Lemma 5.2 of [28], we can show that Es is a (F^, As)-coupling. As in Lemma 
5.3 of [28j, using ergodicity of the action F^ r\ E/A for each simplex s of T, we 
can show that the actions of A on V{T) and on E{T) are both transitive. □ 

9. NON-TRIVIAL ORBIT EQUIVALENCE 

This section is devoted to the proof of the following: 

Theorem 9.1. Let p and q be integers with 2 < |p| < \q\, and set F = BS(p, (7). 
Then there exist two f.f.m.p. actions F r\ {X,p) and F r\- {Y, v) such that they are 
WOE, but are not conjugate; and the actions of any non-trivial elliptic subgroup of 
F on (X, p) and on (y, v) are both ergodic. 

The two actions of F in this theorem are not virtually conjugate either in the 
sense of Definition 1.3 in [26j because F is torsion-free by Theorem IV. 2. 4 in [33] 
and because the actions of any finite index subgroup of F on {X, p) and on (Y, v) are 
ergodic. It follows that under the assumption in Theorem l8.11[ we cannot conclude 
that the two actions F r\ E/A and A E/F in it are virtually conjugate. 

Until Theorem WTU we set F = BS(p, g) with 2 < |p| < \q\. Let do > denote 
the greatest common divisor of p and q, and set po = p/do a-nd go = We fix a 

presentation F = ( a, f | ta^t^^ = a''). Let T be the Bass-Serre tree associated with 
F. Let F — ^ Aut(T) be the homomorphism associated with the action of F on T. 

9.1. A standard coupling. We define a continuous homomorphism r : Aut(T) — > 
Z as follows. Let E+ and E- denote the sets of oriented edges of T introduced in 
Section [5] We set cr(e) = 1 for each e G E+, and set a{f) = —1 for each / g E^. 
Fix a vertex vq of T. For (p G Aut(r), let ei, . . . , e„ be the shortest sequence of 
oriented edges of T such that the origin of ei is vq; the terminal of e„ is (p{vo); and 
for any z = l,...,n — 1, the terminal of and the origin of e^+i are equal. We then 
define T{ip) as the integer J27=i ""(c*)- The map r is independent of the choice of vq 
and is indeed a continuous homomorphism. Note that r(i(a)) = and T{i{t)) — 1. 
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We set L = R. Let Aut(T) act on L hy tpx = {q/pY^'^^x for ip e Aut(r) and 
X G L. We then have the semi-dhect product L xi Aut(T). Let K denote the closure 
of the cyclic group («(a)) in Aut(r), which is compact and abelian. We define G as 
the subgroup of i x Aut(T) generated by L, K and i{t). The subgroup G is closed 
in i X Aut(T). 

For each f? e L \ {0}, we define a homomorphism tt^ : F ^> G by TTe{a) = {6, t{a)) 
and T:e{t) = {0,i{t)). This is injective, and the image 7re(F) is a cocompact lattice 
in G such that [0, \9\) x K is its fundamental domain. Let ag be the automorphism 
of i X Aut(T) that is the identity on Aut(T) and is the multiplication by 6 on L. 
The equality irg = ag o tti on F then holds. 

It follows that {G,TTg,TTi) is a (F, F)-coupling. In the rest of this subsection, we 
examine the action of F on G/7ri(F) through ng and that on 7r0(F)\G through tti. 
The argument in the previous paragraph implies that the latter action is isomorphic 
to the action of F on G/7ri(F) through irg-i. Since L and K commute in G, we 
identify the subgroup of G generated by them with the direct product L x K. We 
set E = (a). The space G/7ri(F) is then identified with (L x K)/iti{E). We denote 
the latter space by M , which is a compact abelian group. 

Lemma 9.2. Let 9 he an irrational number. Then the action of any non-trivial 
subgroup of E on AI through ■ng is ergodic. 

Proof. Let n he a. non-zero integer. Let A denote the subgroup of L x if generated 
by TTg{{a^)) and Tri{E). It suffices to show that A is dense in L x K. The group A 
is generated by {n{6 — 1), e) and (1, t{a)). Density of A in i x if is thus equivalent 
to density of the subgroup generated by ([1], i(a)) in the group M./n{9 — 1)Z x K, 
where for r e R, [r] denotes the equivalence class of r in B./n{d ~ 1)Z. The latter 
condition follows from the assumption that 9 is irrational. □ 

Proposition 9.3. For each i ^ 1,2, let Bi be a compact, second countable and 
abelian group with the normalized Haar measure rui , and let Ai be a dense countable 
subgroup of Bi. Let Ki act on {Bi,mi) by left multiplication. We suppose that the 
two actions Ai r\ {Bi,mi) and A2 r\ (i?2,™2) are conjugate, that is, we have an 
isomorphism F : Ki h-2 and a Borel isomorphism f from a conull Borel subset 
of Bi onto a conull Borel subset of B2 with /*mi — 7712 and f{Xb) = F(X)f{b) for 
any A G Ai and a.e. 6 G i?i. 

Then there exist a continuous isomorphism F : Bi ^ B2 and an element bo € B2 
such that F extends F and the equality f{b) — F(b)bo holds for a.e. b € Bi. 

Proof. We define a Borel map h: Bi x Bi ^ B2 by h{b,c) = fib)fic)f{bc)^^ for 
6, c G Bi. Since Bi and B2 are abelian, we have h(Xb, c) — hih, Ac) = h{h, c) for any 
A G Ai and a.e. (6, c) G i3i x i^i. Ergodicity of the action of Ai x Ai on Bi x Bi 
by left multiplication implies that h is essentially constant. Let 60 G B2 denote the 
essential image of h. 

We define a Borel map / : i?i -J> i?2 by f{b) = /(&)6o ^ for b e Bi. The map 
/ then preserves products a.e. It follows from Theorems B.2 and B.3 in [50] that 
there exists a continuous homomorphism F : Bi B2 with F = f a.e. For any 
A G Ai and a.e. 6 G i3i, we have 

FWfib) = f{\b) = F(\b)bo = F{X)F{b)bo = i^(A)/(5) 

and thus i^(A) = i^(A). The map F extends F and is surjective. An argument for 
/^^ in place of / implies that F is an isomorphism. □ 
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Let 77 : L X K ^ M denote the eanonical projeetion. 

Lemma 9.4. For any k G K, ri{L x {k}) is a path- connected component of M . 

Proof. Let x be an element of L. We define I as the closed interval [x — 1/3, x + 1/3] 
in L. The restriction of 77 to / x X is injective and is thus a honieomorphism onto 
the image. For any k € K, the image 77(1 x K) contains an open neighborhood 
of ri(x, k) in M because rj is an open map. Since K is totally disconnected, for 
any k d K and any continuous path /: [0,1] M with /(to) — "ni^i^) for some 
to S [0, 1], there exists a neighborhood of to in [0, 1] such that I sends any element 
of it to r]{I X {k}). It follows that for any continuous map from [0, 1] into M, there 
exists k ^ K such that the image of the map is contained in 77(L x {fc}). □ 

Lemma 9.5. Let F be a continuous automorphism of M . Let a be the continuous 
automorphism of L with F{ri{x,e)) — ri{a{x)^e) for any x E L. Then the element 
of L, a{l), is a rational number. 

By Lemma 19.41 for any continuous automorphism F of M, there exists a unique 
continuous automorphism a oi L satisfying the equality F{r]{x, e)) = ri(a{x), e) for 
any x € L. 

Proof of Lemma \9.5[ For any positive integer n, we have the equality 77(^0^090 > ^) = 
ri{0,i{a)~'^"Po'Jay The right hand side approaches as n goes to infinity because 
i{a)~'^°Po'^'> approaches the identity in Aut(r). By continuity of F, the element 
F{ri{doPQqQ,e)) = ri{dQPQqQa{l),e) also approaches 0. Let 771 : M — R/Z denote 
the canonical projection. It follows that 771(^0^090 "^(l)) approaches as n goes 
to infinity. If |po| = I^Zol = 1, then doa{l) is an integer, and thus a(l) is rational. 
Otherwise, considering the Ipo'Zol-adic expansion of c?oQ^(l)j we find integers r, n 
with n>0 and doQ^(l) = f/\PQQo\"'- The number a{l) is thus rational. □ 

Lemma 9.6. Let 9 and 6' be irrational numbers. If the action of E on M through 
■Kg and that through ngi are conjugate, then [6' — 1) / {0 — 1) is a rational number. 

Proof. The restriction of ng to E is injective, and ttb^E) is dense in M by Lemma 
19.21 The same property holds for 6'. Proposition 19.31 implies that there exists a 
continuous automorphism F of M such that either F o ng = ngi on E or F o ng = 
TTgi ol on E, where / is the automorphism of E defined by I{x) — x~^ for x E E. Let 
a be the continuous automorphism of L with the equality F(r](x,e)) — ri{a{x),e) 
for any x € L. 

If the equality F o ng — ngi on E holds, then we have F{rj{9, i{a))) — rj{9' , i{a)) 
and thus ^(77(6! - 1, e)) = 77(6*' - 1, e). It follows that a[e - 1) = 6*' - 1. LemmaEl] 
implies that {9' — l)/{6 — 1) is rational. A similar argument can be applied to the 
other case. □ 

Theorem 9.7. Let 6 he an irrational number. Then the following assertions hold: 

(i) The action of E on {L x K)/ni{E) through ng and the action of E on 
ng{E)\{L X K) through tti are not conjugate. 

(ii) The action of T on G/ni{T) through ng and the action of T on ng{T)\G 
through tti are not conjugate. 

Proof. As noted right before Lemma [?7^ the action of E on ng {E)\{L x K) through 
TTi is conjugate with the action of i? on (L x K)/ni{E) through ng-i. Since we 
have the equality {9^^ — l)/{6 — 1) = —9^^, assertion (i) follows from Lemma I^TBl 
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Any automorphism of F preserves elliptic subgroups of F because ellipticity of 
elements of F is algebraic as noticed in the third paragraph in Section [2] Assertion 
(ii) therefore follows from assertion (i). □ 

Finally, we notice that the action of F on G'/7ri(F) through ire is not essentially 
free. Let m: F — M.^ denote the modular homomorphisni. For any 9 £ L \ {0} 
and 7 e F, let leij) G L denote the first coordinate of TTg{'-f) in L xi Aut(r). Since 
i(kerm) acts on L trivially, the map lo'. kerm — )> L is a homomorphism. Let N 
denote the kernel of this homomorphism. The group N is independent of 9 because 
we have the equality leij) = ^^1(7) for any 7 £ F. Define the derived subgroups 

F(i) = [F,F], F(2) = [rW,F(i)]. 

We then have the inclusions F'^^ < kerm and F^^^ < N. 

Lemma 9.8. For any 9 G L\{0}, the action of N on G/t:i{T) through ng is trivial. 

Proof. Pick J £ N. Choose a positive integer n such that 7 commutes a". Let Ki 
denote the closure of {i{a")) in K, which is a subgroup of K of index at most n. 

The subset [0, 1) x of G is a fundamental domain for the action of F on G by 
right multiplication through tti. For any x G [0, 1) and k G K, choosing to G Z and 
ki G Ki with k = t(a™)ki, we have the equality 

Ml)ix,k) = {x,i{j)k) = (a;, fciz(7)i(a'")) = (x, fciz(a'")z(a-'"7a™)) 

= (a;,fci(a-"7a")) = {x,k)TTi{a-"'ja"'), 

where we use commutativity of K, and the first and last equalities hold because 7 
and a^™7a'" lie in N. The lemma therefore follows. □ 

9.2. A modified coupling. Modifying the coupling (G, tt^, tti), we obtain a WOE 
between f.f.m.p. actions of F satisfying the conclusion in Theorem 19. II We pick an 
essentially free and measure-preserving action of F on a standard probability space 
{Z, ^). Let (S, to) denote the product space (Z x G, ^ x tog), where tog is the Haar 
measure on G. We define an action of F x F on E by 

{li,l2){z,g) = (7i^;,7re(7i)57ri(72)"^) 

for 71,72 G F, z G Z and g £ G. This action makes (S,to) into a (F, F)-coupling. 
Let L, R : F — > F X F be the homomorphisms defined by 

L(7) = (7,e), R(7) = (e,7) 

for 7 G F. We define two subsets Xq, Yq of G and two subsets X, Y oi T, hy 

Xo^[0,l)x K, Yo = [0,\9\) X K, X ^ Z x Xq, Y = Z xYq. 

The subsets Xq and Yq arc fundamental domains for the actions R(F) r\ G and 
L(F) r\ G, respectively. The subsets X and Y are fundamental domains for the 
actions R(F) r\ E and L(F) r\ S, respectively. 

We have the natural actions V r\ X and V r\Y . The former action is isomorphic 
to the diagonal action of F on Z x Xq. It follows that the actions V r\ X and T r\Y 
are essentially free because so is the action T r\ Z . Let /3: F x Iq F be the ME 
cocycle for the coupling (G, tt^, tti). As for the action F ^ F, we have the equality 

7 • {z,y) = {l^{i,y)z,i ■ y) 

for any 7 G F, any z £ Z and a.e. y G lo- We now prove that the actions T r\ X 
and V r\Y satisfy the desired property in Theorem 19.11 
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Lemma 9.9. Suppose that 9 is irrational and that any non-neutral element o/r*-^-* 
acts on (Z, ^) ergodically. Then the following assertions hold: 

(i) For any non-neutral element 70 o/F^^^, the ergodic decomposition for the 
action (70) r\ X is equal to the projection from X — Z x Xq onto Xq. 
Moreover, the ergodic decomposition for the action (70) r\ Y is equal to 
the projection from Y = Z xYq onto Yq . 

(ii) The actions T r\ X and T r\Y are not conjugate. 

Proof. The former assertion in assertion (i) holds because F acts on X — Z x Xq 
diagonally and because F*^^) acts on Xq trivially by Lemma [9?8l We prove the latter 
assertion. Pick a non-neutral element 70 of F*^^-'. As in the second paragraph of the 
proof of Lemma [9.81 for any x € [0, 16*1) and k E K, we can find to G Z such that 
/?(7o , {x, k)) = a™7Q a~™ for any n e Z. It follows that the restriction of the action 
(70) r\Y to Z X {{x, k)} is isomorphic to the action (70) r\ Z, which is ergodic by 
assumption. The latter assertion in assertion (i) is proved. 

We prove assertion (ii). Assuming that the two actions T r\ X and T r\ Y are 
conjugate, we deduce a contradiction. Let F be an automorphism of F and / a Borel 
isomorphism from a conuU Borel subset of X onto a conuU Borel subset of Y such 
that / preserves the classes of the measures on X and Y and satisfies the equality 
/(7 • x) = F{'j) ■ f{x) for any 7 e F and a.e. x E X. Pick a non-neutral element 70 
of F(2). Since F preserves F*^^-', the element i^(7o) is also non-neutral and belongs 
to F'^-'. Assertion (i) implies that we have a Borel isomorphism h from a conuU 
Borel subset of Xq onto a conuU Borel subset of Yq which preserves the classes of 
the measures on Xq and Yq and satisfies the equality f{Z x {x}) = Z x {h{x)} up 
to null sets, for a.e. x G Xq. For any 7 G F and a.e. x G Xq, we then have the 
equality ^1(7 • x) = ^(7) ■ h{x). It follows that the actions F r\ Xq and V r\YQ are 
conjugate. This contradicts Theorem 19. 71 □ 

Lemma 9.10. Suppose that 9 is irrational. Let H be a non-trivial subgroup of E. 
Then the following assertions hold: 

(i) We identify E with Z through the isomorphism sending a to 1. Then for 
a.e. y G Yq, the function l3(-,y) from H into E is non- decreasing if 9 is 
positive, and is non-increasing if 9 is negative. Moreover, for a.e. y G Yq, 
the function l3(-,y) is bounded neither below nor above. 

(ii) If the action of E on {Z,S^) is mixing, then the actions of H on X and on 
Y are both ergodic. 

Proof. For any x G [0, \9\), any k d K and any n G Z, the integer m satisfying the 
equation /3(a", {x, k)) = a™ is determined by the condition x — n + 9m G [0, \9\). 
Assertion (i) follows. 

In assertion (ii), ergodicity of the action of iJ on AT follows from Lemma [921 and 
the assumption that the action of E on (Z, ^) is mixing. We show that the action 
of on y is ergodic in the case where 9 is positive. The proof of the other case 
is similar and is thus omitted. Let vq denote the measure on Yq. We may assume 
that vq is a probability measure, and define the probability measure — x vq on 
Y. Let b be the generator of H that is a positive power of a. It is enough to show 
that for any Borel subsets Ai,A2 C Z and Bi, B2 C Yq, we have 

1 " 

- y iy{b''{Ai X Bi) n {A2 X B2)) v{Ai x Bi)v{A2 x B2) 
fe=i 
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as n goes to infinity (see 1.2.6 (iii) in [8 ). For non-negative integers fc, m, we set 

CT = {yeB,\P{b',y)^a"^}. 
For any positive integer /c, we have the decomposition Bi ~ Um^o ^'k' ^^^^ thus 

oo 
m=0 

Pick a positive real number e. Since the action of E on (Z, ^) is mixing, there exists 
a positive integer Mi such that for any integer m with m > Mi , we have 

|^(a"MinA2)-e(Ai)^(A2)| <£. 

By assertion (i) , there exists a positive integer A/2 such that for any integer k with 
k > M2, we have X^mlo^ ^o(C™) < £■ For any integer fc with k > M2, we have 

I uib'^iAi X Bi) n {A2 X B2)) - e(Ai)e(A2)z^o(6^Si n B2) I 

00 

J2 n A2)i^o(6"cr n B2) - ^{Ai)^{A2)Mb^Bi n i32) 



m=0 



^ ^(a™Ai n A2)z.o(6'Cr n i?2) - ^(Ai)^(A2)j^o(6"i?i n B^) 



m=Mi 

<2£+e(Ai)e(A2) 



^ vo{b''Cl^f^B2)~v^{b''Blf\B2) 

m=Mi 



< 3e. 



For any sufficiently large integer n with n > M2 and n > M2/e, we have 
1 " 

- y X Bi) n (A2 X B2)) - v{Ai X Bi)i^(A2 X B2) 



< 



fc=l 
M2-I 



i y X Si) n (A2 X B2)) 

fc=l 
1 " 

- y i^{b\Ai X 5i) n {A2 X S2)) - ^(^1)^(^2)^^0(51)1^0(52) 



k = M2 



<£ + 3£ + e(Ai)e(A2) 



1 " 

- y i/o(6'=SinS2)-J^o(5i)i/o(B2) 



k=M2 



M2-I 



<4e + C(AiK(A2)- y z.o(6'SinS2) 



aAi)aA2) 



1 " 

- y Mb'^Bi n B2) - MBi)MB2 



fe=l 



< 4e + £ + £ = 6e, 



where we use ergodicity of the action of H on Yq in the last inequality, which follows 
from Lemma [9?2l □ 



Combining Lemmas 19.91 and 19.101 we obtain the following: 
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Theorem 9.11. If 9 is irrational and the action T r\ (Z,^) is mixing, then the 
(T,T)- coupling (I],m) satisfies the following three properties: 

• The action T xT r\ (I],m) is essentially free. 

• The two actions L(r) r\ S/R(r) and R(T) r\ S/L(r) are not conjugate. 

• For any non-trivial elliptic subgroup H ofV, the actions \-{H) rx E/R(r) 
and R{H) nv S]/L(r) are both ergodic. 

Theorem 19.11 is a direct consequence of this theorem. 

Remark 9.12. In contrast with Theorem l9.1[ we obtain rigidity of Bernoulh shifts of 
Baumslag-SoUtar groups as an apphcation of Popa's cocycle superrigidity theorem 
[41) . Let r be a discrete group. An infinite subgroup of F is caUed wq-normal in 
r if for any subgroup Hi with H < Hi < T and Hi ^ T, there exists an element 
J G r\Hi with jHij'^ n Hi infinite. This definition is different from that in [41] . 
Equivalence between these two definitions is discussed in Definition 2.3 in [39] . 

Lemma 9.13. We set T ^ BS{p,q) = (a,t | taPt-^ = a?) with 2 < \p\ < \q\. Then 
(a*) is wq-normal in T, and the centralizer of {a'^) in T is non-amenable. 

Proof. Let Hi be a proper subgroup of F containing {a''). Either a or f does not 
belong to Hi. Both aHia^^ n Hi and tHit~^ n Hi are infinite because we have 
a{a'^)a^^ — {a'^) and (a' ) < t{a'^)t^^ D (a''). The former assertion of the lemma is 
proved. If \p\ ~ \q\, then the centralizer of (a'') in F contains a, tat~^ and t^ and 
is of finite index in F. If \p\ < \q\, then the centralizer of (a"?) in F contains a and 
tat^^ and is non-amenable. The latter assertion of the lemma follows. □ 

For a discrete group F and a standard probability space {Xq, /io) such that there 
is no point of Xq whose measure is equal to 1, the Bernoulli shift F r\ (Xo,/io)'" 
is defined by the formula '-f{xs)ser — {xj-is)ser for 7 G F and {xs)ser £ -^^o • 
Corollary 1.2 in [41j and Lemma 19.131 implv the following rigidity. 



Theorem 9.14. Set F = BS(p, g) with 2 < |p| < \q\. Let {Xo,fio) be a standard 
probability space such that there is no point of Xq whose measure is equal to 1. If 
the Bernoulli shift F r\ (Xo,/io)'" is WOE to an ergodic f.f.m.p. action A r\ {Yji/) 
of a discrete group A, then there exist a finite index subgroup Aq of A and a Aq- 
invariant Borel subset Yq of Y satisfying the following three conditions: 

• The equality v{Yo)/viY) = [A : Aq]"^ holds. 

• The action A r\ {Y, v) is induced from the action Ao r\ {Yo, v\yo)- 

• The actions F r\ (A'o,/io)'" o,nd Aq r\ {Yi^,v\Ya) are conjugate. 

In Corollary 1.7 of [9, , Bowen shows that the entropy of the base space (Xq, ^q) 
is a complete conjugacy-invariant of Bernoulli shifts of a sofic Ornstein group. The 
group BS(p, q) is sofic (see Example 4.6 in [5S]) and is also Ornstein because it has 
an infinite amenable subgroup which is Ornstein (see p. 218 in [9]). Theorem 19.141 
implies that the entropy of (Xq, /io) is also a complete WOE- invariant for Bernoulli 
shifts of BS(p,q). 

Appendix A. Ergodic components for elliptic subgroups 

We set F = BS(p,q) = (a,i | taH-^^ = a« ) with 2 < |p| < \q\. Let do > denote 
the greatest common divisor of p and g, and put po = p/do and go = <l/do- We 
assume that q is not a multiple of p. We thus have 1 < |pol < |9o|- In this appendix, 
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given an ergodic measure-preserving action of F on a standard probability space, 
we discuss ergodicity of its restriction to an elliptic subgroup of T. 

Lemma A.l. Let {X,fi) be a standard probability space. Suppose that we have an 
ergodic measure-preserving action of T on {X,ii). Let 9: {X,)!) — > ^) be the 
ergodic decomposition for the action of {a'^°) on {X,ii). We define Zq as the subset 
of all points of Z with positive measure. Then either ^{Zq) = or ^(Z \ Zq) = 0. 

Proof. We may assume that ^{Z^) ~ fi{9^^{Zo)) is positive. It is enough to show 
that 0"^(Zo) is F-invariant. Pick 7 e F. Pick an ergodic component Xq for the 
action (a''°) r\ {X,ii) which is contained in 9~^{Zo). Choose a positive integer n 
with '~fa^'^°j~^ e {a'^°). Let Xi be an ergodic component for the action of (a"''") 
on Xq. Since 7X1 is an ergodic component for the action of (7a"'^''7~^) on X and 
has positive measure with respect to /i, we have 7X1 C 9~^{Zo). It follows that 
7X0 C 9-\Za) and thus 761-1(^0) C 9-\Za). □ 

Thanks to Lemma lA.li ergodic measure-preserving actions of F on a standard 
probability space (X, /i) have the following dichotomy: Either almost every ergodic 
component for the action of (a) on {X, fi) has positive measure with respect to /x, 
or almost every ergodic component for the action of (a) on (X, /x) has zero measure 
with respect to /i. The following lemma focuses on actions with the former property. 

Lemma A. 2. In the notation in Lemma ] A. 1[ if £,{Z \ Zq) = 0, then for any non- 
negative integers k, I and any z £ Zq, 9^^{z) is an ergodic component for the action 
of {a'^oPoio) on iX,fi). 

To prove this lemma, we use the following elementary observation on the ergodic 
decomposition for a power of an ergodic transformation. 

Lemma A. 3. Let r and s be positive integers. Suppose that we have an ergodic 
measure-preserving action of the group Z on a standard finite measure space {Y, v) . 
For non-negative integers k, I, we define \k,i'- iX,v) — (W^fe,;, i^fc,;) as the ergodic 
decomposition for the action of the subgroup r^ s^Ij on (Y, v), and assume that any 
point of Wk,i has positive measure. Then for any non-negative integers k, I, 

(i) both \Wk+i.i\/Wk,i\ and \Wk,i+i\/\Wk.i\ are integers; and 

(ii) |W"fe+i,/|/|W^fe,;| is a divisor ofr, and \Wk.i+i\/\Wu,i\ is a divisor of s. 

Proof of Lemma \A.^ For non- negative integers fc, we set EkA = (a'^'^Poio). Let 
Xq be an ergodic component for the action of Eq^ on X with /i(Xo) > 0. Choose 
a positive integer n with ^(t"Xo n Xq) > 0. We put A = Xq n i""Xo. 

Assuming that there exists a positive integer k such that the action of Ek.o on Xq 
is not ergodic, we deduce a contradiction. Let fc be the minimal integer such that 
k > n and the action of Ek^ on Xq is not ergodic. Let Xi be an ergodic component 
for the action of Ek^o on Xq with /i(Xi DA) > 0. The number /i(Xo) / /i(Xi) is then 
a divisor of p^ bigger than 1. Since t"A C Xq, we have t"(Xi D A) C Xq. For any 
X e Xi n A and any integer r, we have t" a'''"'''"^ x = a'^°'Po "''^o^t^x. It follows that 
f'Xi C {a'^")Xo = Xq. The equality t'^a'^'>Pot^" = a'^oPo'^io implies that t"Xi is 
an ergodic component for the action oi Ek~n,n on Xq. The number /i(Xo)//x(i"Xi) 
is therefore a divisor of pQ~"qg . If there were a divisor of /i(Xo)//i(<"Xi) which 
is a divisor of po bigger than 1, then we would have k — n > 1, and the action of 
Ek-nfi on Xq would not be ergodic by Lemma [A. 31 It follows that fc — 1 > n and 
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the action of Ek-i,o on Xq is not ergodic. This contradicts the minimality of k. 
The number /i(Xo)//i(t"Xi) is therefore a divisor of Qq. On the other hand, we 
have the equahty /i(Xo)//i(t"Xi) = fi{Xo)/ ^{Xi). This is a contradiction. 

We have shown that for any positive integer k, the action of Ek^o on Xq is ergodic. 
Along a similar argument, we can show that for any positive integer the action 
of i?o,; on Xq is ergodic. The lemma now follows from Lemma I A. 31 □ 



We set r = BS(p, q) with 2 < |p| < 1^1 and the presentation T = ( a, t | taPt'^ = 
a' ), and set E = (a). Let (X, /i) be a standard finite measure space. For a certain 
measure-preserving action of F on (X, /z), we show that the subgroupoid E k X is 
normal in F k X. We also discuss the associated quotient groupoid. The existence 
of such a subgroupoid is contrast to the property that the trivial group is the 
only amenable normal subgroup of F. In fact, if there were an infinite amenable 
normal subgroup iV of F, then N would be elliptic by Theorem 15.11 but it would 
be non-amenable by the presentation of F. 

For non-zero integers d, m and n, we say that a measure-preserving action of the 
group Z on {X,fi) is (d;m,n) -periodic if for any non-negative integers k, I, there 
exists a Z-equivariant Borel map from X into "L/ {dm^'n}'!,). 

Proposition B.l. Let do > denote the greatest common divisor of p and q, and 

put pq = p/do and qo = q/dQ. Let F r> (X, ^) be a measure-preserving action such 
that the action of E is {do; pQ,qo) -periodic. We set Q = T tK X and £ = E k X. 
Then £ is normal in Q . 

Proof. For non-negative integers fc, we set Ek.i — (a'^o^o'^o^. Pick 7 e F. There 
exist non-negative integers i, j, k and I with Ei,j — ECij^^Ej and Ek^i = jEij-j~^. 
Let A be an K^ ., -invariant Borel subset of X with 



up to null sets, where we set A„i = a"^A for each to G Z. Similarly, let B be an 
i?fe_/-invariant Borel subset of X with 



up to null sets, where we set Bm — a^B for each m E Z. We define X ~ UngAr 
as the partition of X generated by the partition of X into {Am}m and that into 
{'y^^Bm'}m'- Namely, it is the partition of X so that for each n € N, Cn is of the 
form Am n j~^Bm'. The index set TV is finite. 

Define an automorphism U of Q hy U {S, x) — (jSj^^ , ^x) for (S, x) G Q. For any 
TO G Z, we have the equalities {Eij k X)a^ = {£)a,„ and {Ek,i k X)b„, — {£)b,„- 
It follows that for any n G iV, we have the equality 



The map from C„ to Q sending each element x of C„ to (7, x) thus lies in Ng {£). □ 

Let Q be an ergodic discrete measured groupoid on {X, 11) with r, s : Q ^ X the 
range and source maps of Q, respectively. Let S: Q ^ be the Radon- Nikodym 
cocycle defined by the equality 



Appendix B. Exotic amenable normal subgroupoids 



X ^ AqU AiU ■ ■ - U A, 



"<io|pol'l<;ol^-l 



X - BoUBiU - ■ - U -B<j„|pg|(c|,„|i_i 



U{{£)c„) = f/((S»j K X)cJ - {Ek,l K X)^c„ = (f)7C„. 
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for any (j) £ [[^]] and any Borel subset A of D,/,. The cocycle 5 factors through the 
quotient equivalence relation of Q defined as { {r{g), s[g)) <E X x X \ g ^ Q}. The 
Mackey range of the cocycle log o(5 : 5 — M is an ergodic non-singular action of M 
on a standard Borel space with a cr-finite measure, and is called the flow associated 
with Q. We say that 

• C/ is of type III if the flow associated with Q is not isomorphic to the action 
of R on itself by addition; 

• is of type III a, where A is a real number with < A < 1, if the flow 
associated with Q is isomorphic to the action of M on ]R/(— logA)Z by 
addition; 

• 5 is of type IIIq if the flow associated with Q is recurrent and any orbit of 
it is of measure zero; and 

• 5 is of type IIIi if the flow associated with Q is isomorphic to the trivial 
action of K on a single point. 

Note that Q is of type III if and only if Q is of type IIIa for some A with < A < 1 . 
We refer to for fundamental results on orbit equivalence relations of type III. 

As introduced in Remark 17. 4i every ergodic measure-preserving action of T on 
{X,fi) is classified into those of type A with A G {\p/q\"'}nez^o U {0}. Under the 
assumption in Proposition IB . 1 [ we have the following relationship between the type 
of the action F r\ {X, fi) and the type of the quotient Q /E. 

Proposition B.2. In the notation in Proposition \B.1[ suppose that the action 
r r\ [X, /i) is ergodic. If the action T r\ [X, /i) is of type A in the sense of Remark 
\7.^\ then the quotient Q/£ is of type In particular, Q/£ is of type III. 

Proof. Put Q — Q/S and \et 9: Q ^ Q denote the quotient homomorphism. Let 
6: Q ^ denote the Radon-Nikodym cocycle for Q. We define D: -J> as 
D{Q,£), the modular cocycle of Radon-Nikodym type defined in Section [6T] We 
also define 3: Q ^ as 3{Q,£), the local-index cocycle defined in Section [Q] 
Let m: F — >■ M.^ be the modular homomorphism. The last equality obtained in the 
proof of Proposition IB . f I implies that 3(7, a;) = I for any 7 G F and a.e. x € X. By 
Corollarv l6.8| we have m(7) = S)(7, x) for any 7 G F and a.e. x & X. To prove the 
proposition, it thus suffices to show the equality 5 o 9{g) = 33(g) for a.e. g & G- 

Let {Z, ^) be the unit space of Q. Recall that the induced map 9 : {X, ^) {Z, £_) 
is the ergodic decomposition for £. We fix 7 G F, and set i?_ — E Ci j^^E-f and 
E+ = £'n7£'7-^ Let 

9^: {X,^i)^{Z^,C^) and 9+ : {X, ^l) ^ {Z+, ^+) 

be the ergodic decompositions for the actions of i?_ and respectively. We have 
the Borel maps (T_ : Z_ Z and (t+ : — > Z with 9 ~ o 9^ ~ (7_|_ o 9^ . For 
a.e. X G X, we have 0(7, ax) = 9{j,ax)9{a,x) — 9{'^,x). The map £'(7, •) from X 
into Q therefore induces the Borel map (f>: Z ^ Q with (f){9{x)) = 9{'-f,x) for a.e. 
xeX. 

Let y be a Borel subset of Z such that the restriction of r o </> to F is injective, 
where r denotes the range map of Q. Pick a Borel subset F_ of Z_ such that (t_ 
induces an isomorphism from onto Y. The element 7 induces an isomorphism 
from ^_) onto {Z+,^+). Define a Borel subset y+ of Z+ as y+ — 7^-, and set 
A = 9Z^{Y^). The equality jA = 9^\Y+) holds, and cr+ induces an isomorphism 
from y+ onto r o (j){Y) because the restriction oi r o cf) to Y is injective. Since the 
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action E r\ [X,^) is (do;Po, '?o)-periodic, we have ^Ji{A) — S^iY)[E : E-] ^ and 
fj.{-fA) = £,{r o (j){Y))[E : E+]-^. The equahty fi{A) = fJ.{-fA) imphes 

It therefore follows that 5 o 0(7, a;) = ^(7) for a.e. x ^ X. □ 
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